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The paper reviews the classical approach to the stability of gravity dams, founded on a 
linear variation of total stresses across the wall base, or across a shortened base when 
the upstream effective stress in tension exceeds a critical tensile stress. Formulae for 
base shortening with uplift are presented, which can indicate the extent to which base 
shortening will proceed. The gross ineffectiveness of post-grouted non-prestressed 
anchor bars in countering uplift in upstream cracks is shown. The erroneous nature of 
the reactive stress equations as adopted by most dam engineers in South Africa and 
elsewhere is demonstrated. The classical approach is simple and useful in providing an 
understanding of gravity dam wall behaviour on good uniform sound rock foundations; it 
remains the most common initial approach in use worldwide.

INTRODUCTION
The classical method of design of gravity 
dams has been in use for over 100 years and 
is based on the simple elastic beam with 
axial thrust formula, as given in equation 
2. The method is called the gravity method 
in Design of small dams (1987) in Corns et 
al (1988) and in Chemaly (1995), who uses 
both terms. Design of small dams (1987) 
regards the method as substantially correct, 
except for the dam base if foundation yield-
ing occurs and then a finite element method 
(FEM) is recommended. Corns et al (1988) 
consider the method to be adequate in most 
cases for final design, but recommend that 
large and important gravity dams should be 
checked by FEM stress analyses. Saouma 
et al (1990) correctly point out that a shear 
correction term should be applied to the 
flexural component of the formula. This is 
because a gravity dam cantilever height to 
base thickness ratio is only between 1 and 
1,5 instead of being, say, over 3 for a canti-
lever for the calculated flexural stresses to 
be sufficiently unaffected by shear. However, 
the simple classical method has survived 
for over 100 years and will continue to be 
widely used until a better simple method is 
found. With shear stresses neglected, tensile 
cracks owing to flexure are assumed to be 
horizontal, whereas cracks may be curviline-
ar (ie plunge), as pointed out by Saouma et al 
(1990) and modelled by Fauchet et al (1991).

The historical development of gravity 
dams and of the classical method of analysis 
are covered in detail by Chemaly (1995). 
Fauchet et al (1991) review early methods 
of stability analyses of gravity dams. Rissler 

(1994) discussed the development of ideas 
on pore pressure and uplift.

In order to place the classical method 
in a modern setting, fracture mechanics 
applied to concrete dams and poroplastic 
analysis of concrete dams are introduced 
very briefly. These recent and more accu-
rate methods of analysis are not about to 
replace the classical method of analysis of 
gravity dams.

TWO VERSIONS OF CLASSICAL 
STRESS EQUATIONS
Two versions of the classical stress equations 
are in use:

Reactive stress equations, with reactive 
stresses considered dominant
Total stress equations, with total stresses 
dominant

Both versions relate to an uncracked, intact 
base.

The reactive stress equations take 
moment owing to the assumed uplift along 
the intact base into account and the total 
vertical load is obtained by deducting the 
assumed uplift along the intact base from 
the downward loads. The reactive stresses 
along the base plot on a straight line, in 
accordance with equation 2. The reactive 
stresses are regarded as being the effective 
stresses. The total stresses are obtained 
by adding the uplift pressures to the 
reactive stresses.

The total stress equations do not take 
moment, due to the assumed uplift along 
the intact base into account and the total 
vertical load is the total downward load, 
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from which uplift is not deducted. The total 
stresses along the base plot on a straight 
line, in accordance with equation 2. The 
effective stresses are obtained by deducting 
the uplift pressures from the total stresses.

Having been trained as an assistant 
under agreement with Sir Alexander Gibb 
and Partners in the UK between 1955 and 
1958, the author adopted the reactive stress 
equations as gospel. In 1985 he investigated 
the efficacy of using non-prestressed anchor 
bars in upstream cracks to counter uplift 
in the cracks, by extrapolating base strains 
into the cracks and the erroneous nature of 
the reactive stress equations dawned upon 
him. At the end of this paper it is demon-
strated that the reactive stress equations 
are erroneous and can lead to erroneous 
conclusions when uplift reducing drains are 
incorporated in the base of a gravity dam. 
In the simple case of no uplift reducing 
drains being involved and a linear reduc-
tion in uplift being assumed from heel to 
toe of a gravity dam, then the reactive stress 
equations yield identical results to the cor-
rect total stress equations. The very specific 
overall presentation of the application of 
forces and moments as provided in this 
paper is necessary and also facilitates com-
puter programming.

The erroneous reactive stress equations, 
or versions of them, are adopted in the fol-
lowing references: Chemaly (1995), Creager 
et al (1950), Keefe & Elsden (1958), Kroon 
(1984) and, by inference, Thomas (1976).

Design of small dams (1987) appears 
to advocate the use of the total stress equa-
tions, but no distinction is made between 
total stresses and effective stresses. Section 
8.21 states that uplift from internal water 
pressures and stresses caused by the 
moment contribution from uplift along a 
horizontal plane are usually not included in 
the computation of the stresses. However, 
in the next paragraph under criteria, it is 
stated that the effects from uplift are not 
considered in the computation of stresses. 
Hence the total stress equations are adopted. 
In the tensile stress criteria for the upstream 
face, as given in Section 8.19, the effective 
stress is compared with the tensile strength 
of concrete at lift surfaces divided by a 
safety factor.

Corns et al (1988) make no reference 
to total stresses or effective stresses, but 
seem to require that uplift be included in 
the calculation of stresses. They state that 
internal water pressure (uplift) exists within 
the body of a gravity dam as well as in the 
foundation, is considered to act over 100 
% of the area upon which it applies, is an 
active force, and must be included in stabil-
ity and stress analyses. Hence it must be 
inferred that the reactive stress equations 
are proposed. However, their formula (16–
33) yields the correct length of horizontal 
upstream crack which will develop assum-

ing full uplift pressure along the crack and 
zero effective stress in the intact concrete at 
the end of the crack. Uplift pressures along 
the base are excluded from the forces and 
moments used in the formula.

Based on Chemaly (2005), Chemaly 
(1995), Cornish et al (1994) and Kroon 
(1984), it is concluded that BC Hydro in 
Canada, the Department of Water Affairs 
and Forestry (DWAF) in South Africa, 
together with most of the approved profes-
sional persons (APPs) for dam safety tasks in 
terms of the dam safety regulations in South 
Africa, use versions of the erroneous reactive 
stress equations.

FRACTURE MECHANICS APPLIED 
TO CONCRETE DAMS
Saouma et al (1990) introduce the applica-
tion of linear elastic fracture mechanics 
(LEFM) to crack propagation in concrete, 
which utilises FEM programs in the analy-
ses of concrete dams. Strain softening takes 
place in the fracture process zone (FPZ) at 
the end of a crack in concrete and a size 
effect law (SEL) determines the size-reduced 
tensile strength of the structure. What is of 
general interest is that at the end of a crack, 
elastic deformation occurs up to between 
0,5.f

t 
and 0,6.f

t
, where f

t
 is the tensile 

strength of the concrete. Micro-cracks begin 
to form at higher stresses and non-linear 
deformation occurs. As the stress increases, 
localisation of micro-cracks forms the FPZ. 
Under deformation controlled tests, after f

t
 

is reached, a gentle gradual release in stress 
(ie strain softening) occurs in the FPZ and 
a gentle decrease in tensile strength occurs 
from f

t
 to O. Under load controlled tests, the 

concrete specimen breaks when f
t
 is reached.

Chemaly (1995) provides a detailed 
introduction to LEFM, fracture mechanics of 
concrete and fracture mechanics applied to 
gravity dams. He correctly notes that appli-
cation of the fracture mechanics method to 
estimating horizontal crack lengths along 
the base of a gravity dam from the upstream 
heel results in shorter crack lengths than is 
obtained by using the classical method of 
analysis, assuming full uplift pressure along 
the crack and zero tensile stress at the end 
of the crack. He regards this result as being 
partly due to an ‘anomaly’ in the applica-
tion of uplift pressures along the intact base 
length in the case of the classical method, 
but not in the case of the fracture mechanics 
method, as demonstrated in his figure 90. 
With the use of the correct classical total 
stress equations, the ‘anomaly’ disappears.

POROPLASTIC ANALYSIS 
OF CONCRETE DAMS
Fauchet et al (1991) explain the development 
of a new mechanical continuous poroplastic 
model in which a plastic generalisation of 

Biot’s elastic theory is used, which clarifies 
the effective stress hypothesis for inelastic 
porous materials. Cracking is modelled 
through the concept of plastic porosity, 
which can be related to the volumetric 
plastic strain, and permeability is assumed 
to depend on plastic strains. Poroelasticity 
is used to model pore pressure in intact 
concrete. Poroplasticity is used to model the 
cracking of concrete. A three-dimensional 
finite element program, BETHY, is used for 
the implementation of a poroelastoplastic 
model in the analyses of concrete dams.

BASIS OF THE CLASSICAL 
TOTAL STRESS EQUATIONS
The classical method of analysing the sta-
bility of mass concrete or masonry gravity 
dam walls is founded on a linear variation 
of stress and strain across the wall base 
from upstream heel to downstream toe. 
This infers that the base is laterally sym-
metrical about the centreline from upstream 
to downstream of the section analysed, that 
foundation yielding does not occur, that 
plane sections remain plane and hence that 
Young’s elastic modulus is the same in ten-
sion as in compression, if tensile stresses 
should occur. Accordingly, the stresses along 
the base from upstream to downstream 
should plot along a straight line, as should 
the strains. The base as analysed can be 
through the dam wall (eg at a horizontal 
construction joint) or at the assumed wall 
concrete/foundation rock interface. The 
simple bending theory used in accordance 
with equation 2 also assumes that the shear 
stresses along the base of a cantilever are 
parabolic and at the centre of the base are 
equal to 1,5 times the mean shear stress 
obtained by dividing the shear force by the 
base area.

As in soil mechanics, it is appropriate 
to regard the total stress as comprising the 
effective stress between the solid particles of 
the wall material and the pore water pres-
sure in the pores between the solid particles. 
The effective stress, F, can be taken as the 
total stress, TF, less the pore water pressure, 
u, when the material is saturated.

F = (TF – u) (1)

In the case of rock or concrete, tension (ie 
negative stress) can be transmitted by the 
bonds between the solid particles.

The wall base as analysed must refer to 
the intact length of base capable of transmit-
ting shear stress and not incorporating an 
open tension crack. An upstream tension 
crack will result in a shortened intact base. 
Uplift pressure in an open upstream tension 
crack along the base constitutes an upward 
external force on the wall. The external 
forces acting on the dam wall produce the 
total stresses along the intact base, but do 
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not produce the effective stresses. The effec-
tive stresses are a form of internal second-
ary stress within the intact base material, 
are dependent upon the uplift assump-
tions along the intact base and cannot be 
determined with precision. At any location 
along the intact base, the pore water pres-
sure is taken as being equal to the assumed 
uplift pressure at the location. Within the 
context of the simple bending theory used, 
the external loads and hence the total 
stresses along the base can be determined 
with relative precision. The total stresses 
are independent of the uplift assumptions 
along the base and of any uplift reducing 
drainage provisions located upstream of the 
downstream toe of the wall. Accordingly, 
the assumed uplift forces acting along the 
intact base are not included in the external 
forces or associated moments acting on the 
dam wall in order to derive the total verti-
cal force, W, and total net moment, Mbn, 
which are used to calculate the total stresses 
along the intact base. Irrespective of the 
uplift assumptions and any provisions made 
for uplift reducing drains, the total stresses 
along the intact base should plot along a 
straight line. The total stresses carry the 
compressive loads and hence are applicable 
for use with equation 2. The effective (reac-
tive) stresses are not strictly applicable for 
use with equation 2.

The detailed basic theory, as just 
presented, is essential for understand-
ing the erroneous nature of the reactive 
stress equations adopted by a great many 
dam engineers.

The variation in strains along the intact 
base can be calculated, based on the vari-
ation in total stresses. The strains can be 
extrapolated into an upstream crack. This 
provides a method of analysing the stress in 
an upstream post-grouted non-pre-stressed 
steel anchor bar through an upstream crack, 
provided for countering the uplift force in 
the crack. Such anchor bars are shown to be 
quite ineffective.

Young’s modulus for intact concrete, 
Ec, is stress/strain. Compression of intact 
concrete is resisted by total stresses, while 
elongation tension is resisted by effective 
stresses when pore suction is not present. 
Hence Ec may not be the same in tension as 
in compression and may well be affected by 
the pore water pressure. The pore water bulk 
modulus is about 0,1. Ec. Based on Fulton 
(1977), the porosity of concrete coarse aggre-
gates can vary between 1 % and 20 %. The 
cement mortar is porous and entrained air in 
concrete can vary between 1 % and 8 %. Ec 
reduces by around 700 MPa for each 1 % of 
entrained air. The effects of pore pressure on 
Er or Ec are not considered in Fauchet et al 
(1992), where Er refers to E for rock.

In respect of the overturning moment 
about the downstream toe of the dam wall, 
it is normal to consider that no tension 
can be developed across the base and the 
moments due to the adopted uplift forces 
on the base are included in the overturn-
ing moment about the downstream toe. In 
respect of frictional resistance to sliding, it 
is important to consider that only the reac-
tive vertical load, being the total downward 
vertical load less the assumed total uplift 
force, can provide frictional resistance to 
horizontal sliding, in addition to the resist-
ance due to cohesion. Only effective stresses 
develop frictional shear resistance.

Leliavsky (1958) presents Terzaghi’s 
view relating to uplift on how evaporation 
from the downstream face of a concrete dam 
reduces the saturated length of concrete 
from the upstream face to some equilibrium 
flow location that is somewhat upstream of 
the downstream face.

ESTIMATION OF THE TOTAL STRESSES 
AND EFFECTIVE STRESSES IN BEARING 
ON AN INTACT WALL BASE
Refer to figure 1 for a general non-overflow 
concrete gravity dam cross-section. 
The symbols adopted for the various 
dimensions of the dam cross-section are 
shown on figure 1 for the case of no base 
shortening due to an upstream tension 
crack. (Conversion to an approximate ogee 
spillway overflow section is illustrated 
in figure 3). A 1,0 m lateral dimension of 
the dam wall base is considered in the 
analysis. Overturning moments are taken 
as positive.

Units
The units adopted are kN and m.
1 kN = 101,972 kg
1 kPa = 1 kN/m2

Symbols
γ

w 
= Unit weight of water = 9,81 kN/m3

γ
c 

=  Unit weight of concrete = 23,50 
kN/m3

γ
ss 

=  Submerged bulk weight of sediment  = 
10,0 kN/m3

φ
s 
=  Angle of internal friction of submerged 

sediment = 30° (assumed)
S

p 
=  Horizontal pressure due to submerged 

sediment, additional to water pressure, 
at a depth h below the surface of the 
sediment

  

Assumption: Sediment cohesion = 0
HFL  =  High flood level, corresponding 

to the inflow hydrograph of the 
design flood.

FSL  =  Full supply level
RWL = Reservoir water level
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The symbols adopted for the forces, 
moments and stresses are as follows, per 
1,0 m lateral dimension of base:
W =  Total vertical downward force on the 

base, including the relevant weights 
of water and submerged sediment, 
in kN

U  =  (U
1
 + U

2
) = total uplift force on the 

base, in kN
P  =  Total horizontal force on the wall, 

including the force from the sub-
merged sediment pressure and the 
negative force from the downstream 
tailwater pressure, in kN

T  =  (W – U) = vertical reactive force on 
the base, in kN

The forces and respective eccentricities asso-
ciated with figure 1 are shown on figure 2.
L   = Length of intact base (see figure 1)
L

a   
=  Length from upstream point A to 

uplift reducing drainholes at point 
D, if any

A
b   

=  L = Area of base per unit lateral 
dimension

y   =  Distance from centroid of base to 
location where the stress is calcu-
lated. (In the case of a continuous 
base of 1 m width, the neutral axis 
passes through the centroid)

I   =  L3/12 = second moment of area 
about centroid of base

Z   =  I/y = section modulus of base
Z

a   
= Z

c
 = L2/6

M   = Moment about centroid of base
ƒ   =  Stress at location distant y from the 

centroid of the base
M

b  
=  Total moment about centroid loca-

tion B of the base, including the 
moment due to adopted uplift on 
the base, in kN.m

M
bn  

=  Net moment about location B, 
excluding any moment due to 
uplift, in kN.m

MPO =  Overturning moment about the 
base due to horizontal forces only

K   =  Uplift coefficient applicable to U
2
 

and is generally adopted in the 
range of 0,75 to 1,00. For usual 
loading conditions on the dam wall, 
which could well include loadings 
due to, say, the 1 in 5 year flood, 
adopt K = 1,00. For short duration 
extreme loading events, it may be 
appropriate to adopt a value of K 
as low as 0,75. Based on Leliavsky 
(1958), K = 0,86 would be close to 
the values proposed by Leliavsky 
and by Harza. According to Keefe 
et al (1958), the time element is an 
important factor in the build-up of 
uplift pressures. With the passage of 
time the trend has been to become 
more conservative in the choosing 
of an appropriate value of K

FV  =  The resultant of miscellaneous 
other vertical forces, where applica-

ble, such as poststressed-anchored 
cable forces, seismic forces as esti-
mated by pseudostatic analyses and 
any suction force (see FH)

FH  =  The resultant of miscellaneous other 
horizontal forces, where applicable, 
such as poststressed-anchored cable 
forces and seismic forces as esti-
mated by pseudostatic analyses and 
suction force on an ogee spillway 
when overflow head exceeds the 
design head for the ogee

TF  =  Total stress
TF

a  
=  Total stress in bearing at upstream 

heel location A, in kPa
TF

c  
=  Total stress in bearing at down-

stream toe location C, in kPa
TF

d  
=  Total stress in bearing at location 

D, at (L
a
 – 0,5.L) downstream of 

base centroid location B, in kPa
F   = Effective stress
F

a   
= Effective stress at location A, in kPa

F
c   

=  Effective stress at location C, in 
kPa

F
d   

= Effective stress at location D, in kPa
Note:  A negative value of F denotes tension 

in the bonds between solid particles

Equations

 (2)

 (3)

 (4)

 (5)

Note: If there is no drain at point D, then 
substitute L

a
 = L in equations (3) and (5).

 (6)

 (7)

 (8)

 (9)

Note: If there is no drain at point D, then 
substitute L

a 
= L in equation (9).

 (10)

If there is a drain at point D, then:

 (11)

If there is no drain at point D, then:
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Figure 2 Cross-section of dam wall: showing load forces above base
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 (12)

A horizontal base is considered in this 
paper. Forces should be resolved into com-
ponents normal and parallel to the base in 
the case of a sloping base.

The derivations of forces W and P and 
of moment M

b
, based on figures 1 and 2, are 

given in appendix 1.
For temperature stresses, refer to chapter 

8 of Design of small dams (1987).
The uplift diagram shown for U

2
 on figure 

1 and as defined in equation (5), applies only 
to the cases of the uplift reducing drainholes 
being located at L

a
 ≥ 2L/3. When L

a
 ≤ 0,5 .L, 

then the uplift pressure at location D should 
be taken equal to 9,81 [H

c 
+ K . (H

a
 – H

c
)/3], 

in accordance with Item 8.10 of Design of 
small dams (1987). Consider the use of 75 NB 
drainholes at spacings of 2 m to 3 m and 
drilled down to levels at about 3 m above the 
bottom of the upstream curtain grout holes.

CONVERSION OF A NON-OVERFLOW 
SECTION, AS SHOWN IN FIGURE 
1, TO AN APPROXIMATE OGEE 
SPILLWAY OVERFLOW SECTION, 
AS SHOWN IN FIGURE 3
The following corrections should be 
added to the results for W, P, M

b 
and MPO 

obtained in accordance with the equations 
given in appendix 1.

If H > H
a
, then substitute (Ha – H) = 0 

in the equations for the corrections.

In keeping with appendix 1, these corrective 
equations have not been numbered.

MAXIMUM SHEAR STRESS IN THE DAM 
WALL AND MAXIMUM PERMISSIBLE 
INCLINED COMPRESSIVE STRESS
Based on Keefe et al (1958), the maximum 
compressive stress is the principal stress, 
PF, which acts parallel to the inclined 
downstream face of the dam wall. If the 
small downstream toe plinth shown in fig-
ure 1 is ignored, or not provided, then at 
location C :

 (13)

Zd and H
c
 are defined on figure 1.

The maximum shear stress, F
s
, tends to 

occur at or near the downstream face and is 
F

sc
 at location C, where:

F
sc
 = (PF

c
 – 9,81 . H

c
)/2 (14)

If H
c 
= o, then:

PF
c
 = TF

c
 (1 + Zd2) (15)

F
sc 

= PF
c
/2 (16)

Hence the maximum permissible inclined 
compressive stress, PF

c
, is twice the maxi-

mum permissible shear stress, F
sc
.

Let
f
c   

=  The characteristic compressive 
strength of concrete as obtained by 
crushing concrete cubes

f
s   

=  Shear stress of concrete at failure, 
in terms only of cohesion with no 
internal frictional resistance under 
normal load stress, n

u   =  Pore water pressure in concrete
tan φ

c 
=  Coefficient of internal friction of 

concrete
n   =  Compressive load stress normal to 

the plane of shear
Design of small dams (1987) suggests that 
average values for f

s
 and tan φ

c
 for intact 

concrete and preliminary designs, be adopt-
ed as follows:
f
s   

=  0,1 . f
c
 and tan φ

c
 = 1,0

     Note:The value of f
s
 at construction 

joints could be less than 0,1 . f
c
 and 

possibly only 0,05 . f
c

At failure: F
s
 = [f

s
 + (n – u) . tan φ

c
] (17)

For intact concrete, permissible
F

s
 = [0,1 . f

c
 + (n – u)]/SF (18)

SF = safety factor

LIMITATIONS ON TOTAL STRESSES 
AND EFFECTIVE STRESSES IN BEARING 
FOR WALL STABILITY PURPOSES

Maximum values of TFc
The requirement is that TF

c
 be less than 

UCS/SF, where:
UCS  =  The characteristic unconfined 

compressive strength of the dam 
wall material or foundation rock 
material; the strength reducing 
effect of jointing and fracturing and 
clay-filled seams in the foundation 
rock must be taken into account 
in deciding on the characteristic 
UCS for the foundation, which will 
be less than the UCS of the intact 
rock cores taken for testing. The 
in situ deformation modulus of the 
foundation materials is commonly 
assessed, being applied stress/
(elastic + inelastic strain)

      The recommended values of 
SF and maximum values of TF

c
, 

as given in Design of small dams 
(1987), are shown in table 1
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Figure 3 Conversion to ogee spillway section
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Minimum values of Fa
Negative F

a
 denotes tension in the bonds 

between solid particles.
The tensile strength of the concrete 

across a lift surface (ie construction joint) or 
the tensile strength across the sound rock/
concrete contact surface is important. 

The Joint CEB–FIP Committee’s equa-
tion for direct tensile strength of intact con-
crete (split cylinder), as given on page 278 of 
Fulton (1986), is as follows:

 (19)

where both the characteristic compressive 
strength of concrete cubes, f

c
, and the ten-

sile strength, f
t
, of the intact concrete are 

in MPa.
When good construction practice and 

good joint preparation apply, then the evi-
dence of tests across joints indicates that 
it should be appropriate to adopt f

tj
 = f

t
 / 2, 

where f
tj
 = tensile strength across a con-

struction joint, but this relationship should 
be confirmed by tension testing of cores 
through the joint, because f

tj
 = 0,75.f

t
 may 

be appropriate in some cases.
The maximum permissible tensile stress 

= f
tj
 / SF, where SF has the values given 

for concrete in table 1. However, equation 
(19) is based on the ultimate strengths of 
concrete in compression and in tension as 
determined by short duration tests, whereas 
micro-cracking in concrete occurs at tensile 
loads well below those required to cause 
short duration ultimate failure. The lower 
long duration tensile stress at which micro-
cracking commences may be close to the 
true tensile strength of the concrete.

Micro-cracking in concrete occurring 
under long duration tensile loads may devel-
op at lower stresses into the localised micro-
cracking, which causes strain softening in 
the FPZ at the end of a crack under short 
duration tensile loads. However, it can be 
accepted that concrete behaves elastically in 
tension only up to between 0,5.f

t
 and 0.6.f

t
 

due to the commencement of micro-crack-
ing, as based on Saouma et al (1990).

Section 8.19 of Design of small dams 
(1987) permits tension, with F

a
 ≥ (-f

tj
)/SF, 

where f
tj
 is a tensile stress having positive 

sign and negative F
a
 denotes tension.

Section 5 of Keefe et al (1958) requires 
that F

a
 ≥0 (ie compressive) under all condi-

tions of loading and makes the statement: ‘If 
sufficient tension occurs, cracks will form in 
the material at the upstream face, water will 
enter at reservoir pressure, the overturning 
moment will increase on a plane of reduced 
length, and progressive failure will result’. 
However, progressive failure does not result. 
Analysis of base shortening, with full uplift 
in the upstream crack, indicates that F

a
 

increases as the crack length increases, until 
F

a
 = 0 and further base shortening stops 

before overturning occurs. It is of concern 
that the stability of the wall against failure 
due to sliding decreases as the upstream 
crack length increases.

Since unusual and extreme load com-
binations are of short duration, to which 
short duration tests on concrete for tensile 
strength may be applicable, it would seem 
acceptable to adopt the minimum values for 
F

a
 as given in table 2.

The rate of construction of mass con-
crete blocks should be controlled to limit 
the adverse effect of temperature gradients. 
Where cooling measures are not used, the 
author has been involved where specifica-
tions require that the time interval between 
two consecutive lifts of concrete in the same 
block exceed 24 hours for each 0,4 m height 
of lift, but he would limit this simplification 
to dams below, say, 40 m in height.

STABILITY AGAINST SLIDING 
OF THE DAM WALL

General
It is essential that good construction prac-
tices should be applied to horizontal and 
sub-horizontal construction joints in the 
concrete of the dam wall and between the 
concrete and a suitability rough surface of 
sound intact rock foundation, such that 
shear-key action is mobilised at the joint. 
Between three and eight hours after comple-
tion of concreting and before the final set, 
the surface of the concrete at the horizontal 
joint should be carefully blown off with a 
pressurised jet of mixed air and water to 
remove the laitance and top surface layer 
of sand/cement mortar, in order to leave 
the tops of, say, 50 mm coarse aggregate 
particles projecting 10 mm to 25 mm above 
the mortar matrix. The blown-off surface 

should be cleaned and wetted before placing 
the next lift of concrete. Immediately prior 
to the next lift, the surface should be coated 
with a 10 mm to 20 mm thick bedding of 
concrete mortar from which the aggregate 
larger than 10 mm has been excluded. 
All mortar should be covered with fresh 
concrete within 45 minutes of mixing the 
mortar. The larger semi-segregated bottom 
aggregate in the fresh concrete should pen-
etrate the mortar and ensure an intact joint.

It has been fairly common practice with 
vertical construction joints to include sub-
stantial trapezoidal shear keys in the con-
crete. It is unwise to blast a substantial shear 
key trench into a sound intact massive rock 
foundation, because the use of explosives 
may generate sub-horizontal split-planes 
(cracks) in the rock below the surface and 
so reduce shear resistance. If necessary, a 
smooth hard rock surface can be roughened 
by means of jackhammers. The re-entrant 
corners of trenches are undesirable stress 
raisers.

The presence of any sub-horizontal 
joints in the rock foundation must be estab-
lished, especially clay-filled joints, and their 
shear resistance investigated. Potential slid-
ing surfaces in the foundation can be inter-
cepted by a wide trapezoidal concrete-filled 
key trench, or a wide reinforced concrete 
cut-off wall, of adequate shear strength, 
which engages an additional volume of foun-
dation materials that must be moved before 
the structure can slide. Downstream passive 
pressures may be mobilised only after some 
movement commences. 
tan φ =  Effective stress coefficient of inter-

nal friction applicable to the con-
crete, or rock, or sub-horizontal 
joints in the rock, or clay in any 
clay-filled joints in the rock, or clay 
seams, or soft seams in the founda-
tion (tan φ = tan φ’)

C = C’ =  Effective stress cohesion of con-
crete, or rock, or other possible 
foundation materials as described 
for tan φ. It is the cohesive bond 
between particles

If any small sliding move occurs, then the 
reduced residual values of tan φ and C will 
apply.

Pure frictional resistance to sliding

tan φ =  (20)

This is the only criterion adopted in Keefe et 
al (1958) for resistance to sliding and a max-
imum value of tan φ = 0,75 is recommended 
for properly scabbled and bonded concrete 
construction joints within the dam.

On page 250 of Thomas (1976) values of 
tan φ of between 0,65 and 0,75 are recom-
mended for usual load combinations and up 
to 0,85 for extreme load combinations, for 
use with equation 20.

P

T

P

T

Table 1 Recommended values of safety factor, SF

Load combination
Concrete

Foundation SF
SF Max TFc

Usual 3,0 10,3 MPa 4,0

Unusual 2,0 15,5 MPa 2,7

Extreme >1,0 - >1,3

Table 2 Recommended minimum values for Fa

Load combination Minimum value for Fa

Usual O

Unusual (-f
tj
)/3

Extreme (-f
tj
)/2
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The recommended maximum value of 
tan φ for use with equation 20 must include 
the safety factor, SF.

Design of small dams (1987) does not 
consider frictional resistance to sliding in 
isolation from cohesion.

Shear-friction safety factor, Q
The general formula for the shear-friction 
safety factor, Q, is as follows:

 (21)

Since Q represents the safety factor, the 
values of C and tan φ for use in equation 
(21) are the actual characteristic values for 
the materials concerned. Design of small 
dams (1987) recommends that the following 
values of C and tan φ be adopted for intact 
concrete for preliminary designs for use in 
equation (21):

C = 0,1 . f
c
; tan φ = 1,0

Based on Kroon (1984), the values that were 
probably adopted by the DWAF for prelimi-
nary designs, for concrete were:

C = 3 000 kPa; tan φ = 0,80

At well-prepared and constructed construc-
tion joints, it should be appropriate to adopt 
C = 0,05 . f

c
, but this relationship should be 

confirmed by shear testing of cores through 
the joint.

It is essential that the design parameters 
take into account the geological/geotechnical 
observations made during excavation of the 
foundations. If any small amount of sliding 
were to occur (eg 1 mm) then the value of C 
for intact concrete or rock could decrease to 
zero. At 10 mm sliding, the values of C and φ 
for clay in sub-horizontal joints would reduce 
to the residual values. According to Cornish 
et al (1994), BC Hydro in Canada found that 
the cohesive strength of jointed, bedded and 
sheared rock foundations of some of their 
dams tended to be previously over-estimated. 
They now rely more on the frictional strength 
of rock foundations (ie on φ) and place less 
reliance on cohesion (limited to 100 kPa for 
jointed rock). The residual (post peak) shear 
strength (eg Cr and φr) of test samples after 
10 mm of sliding is adopted.

The author is unaware of tests to 
determine the shear strength cohesion 
of concrete in tension, or clay, or rock 
joints in tension. (The principal tensile 
stress is relevant). Accordingly, it would 
appear to be more appropriate to define Q 
as follows:

 (22)

Where
A

e  
=  area of base over which the effective 

stress, F, is in compression (ie F has a 
positive sign), and

C  =  Cohesion under normal compressive 
testing conditions

This corresponds with the case of an 
upstream tension crack and a shortened 
intact base.

Design of small dams (1987) recommends 
that the minimum values of Q for three dif-
ferent load combinations should be the same 
as the values for SF in table 1.

Formula (16–6) of Corns et al (1988) 
relates to the maximum horizontal force 
which can resist sliding when the sliding 
plane is at an angle to the horizontal. The 
equivalent equation for Q is as follows:

 (22a)

where ∂ = angle between inclined sliding 
plane and the horizontal (positive for uphill 
sliding).

STABILITY AGAINST OVERTURNING ABOUT 
THE DOWNSTREAM TOE OF THE WALL
M

C
R  =  Total righting moment about loca-

tion C in figure 1
M

c
O  =  Total overturning moment about 

location C, including moment due 
to uplift and ignoring any adhesion 
of the wall to the foundation

The derivations of M
c
R and M

c
O, based on 

figure 1, are given in appendix 1.
If F

a 
≥ O and TF

c 
≤ safe bearing pressure 

of the foundation material, then overturning 
will not occur. The ratio of M

c
R/M

c
O acts as a 

rough check on the stability of the dam wall. 
It is recommended that the ratio M

c
R/M

c
O 

should be greater than 1,5 for usual load 
combinations, greater than 1,3 for unusual 
load combinations and greater than 1,1 for 
extreme load combinations. The value of TF

c 

should not exceed the safe bearing pressure 
of the foundation material under submerged 
conditions, for any load combination.

ASPECTS OF BASE SHORTENING 
WITH UPLIFT
The symbols used are shown on figure 4.
L  =  Length of base prior to any base 

shortening
L’  = Length of shortened base
X  =  Length of upstream crack which is 

subject to full uplift force, U’
e

L’  = (L – X)
Point A’ is at the downstream end of the 
crack.

Point E is at the mid-point of the short-
ened base and is at X/2 downstream of 
Point B.

Formulae for base shortening 
with uplift in crack
The formulae are based on any given 
upstream crack length, X, and are easily 
derived. 

An exponent ’ is used to differentiate 
forces, moments and stresses which apply 

A A’ B

E D

C

W’
W

L/2 X/2

e a

e’

(L–X)/2

L’ = (L–X)

L/2

(La–X)

Uplift diagram

Crack of length X

9,81.Hc   kPa

9,81.K.(Ha–Hc)   kPa

X
Ue’

Figure 4 Illustration of base shortening
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to the shortened base condition from those 
which apply prior to base shortening.

Prior to base shortening (ie X = 0)

e = M
bn

/W (23)

P = total horizontal force on dam wall.

After base shortening (ie X = X)

M
e
 = W . (e – X/2) (24)

U
e
’ = 9,81 . H

a
 . X (25)

A
b
’ = L’ ; Z’ = (L’)2/6

TF
a
’ is the total stress at point A’

TF
c
’ is the total stress at point C

M
e
’ = (M

e
 + U

e
’ . L/2) (26)

W’ = (W – U
e
’) (27)

e’  = M
e
’/W’ (28)

TF
a
’ =  (29)

TF
c
’ =  (30)

F
a
’ = TF

a
’ – 9,81 . H

a 
(31)

F
c
’ = TF

c
’ – 9,81 . H

c 
(32)

With L
a
’ = L’, (ie no drain holes at location D):

U’ =  (33)

T’ = (W’ – U’) (34)

tan φ’ =  (35)

Illustration of the effect on the stresses 
and on tan φ’ as the value of X increases
A dam wall as illustrated in figure 1 and 
having the following dimensions, was ana-
lysed using the formulae for base shortening 
with uplift in the crack.
H   = 27,0 m;   H

a  
= 25,0 m;

H
s  

= 3,0 m;    H
c  

= 1,0 m;
L = La = 17,30 m;   C   = 2,0 m;

CY  = 1,50 m;   Z
d   

= 0,60;
H

d  
= 1,0 m;    L

d   
= 0,60 m;

K   = 1,0   
(Z

u
 = L

u
 = H

u
 = FV = FH = O)

The results of the analyses are shown in 
table 3. A simple HP32S calculator program 
permits rapid analysis.

The upstream crack may not proceed 
beyond the value of X at which F

a
’ equals 

some critical tensile stress. It is assumed 
that the crack cannot proceed beyond the 
value of X at which F

a
’ = O.

From Table 3, the crack length to Fa’ = 
O is just over 7,68 m. The crack length for-
mula (16–33) from Corns et al (1988) gives 
a value of X = 7,683 m, which is remarkably 
good agreement..

Of interest is the increase in the value 
of tan φ’ as X increases, which indicates that 
failure of the dam wall may occur due to 
sliding at high values of X, and not due to 
overturning. 

Illustration of the gross ineffectiveness 
of post-grouted non-pre-stressed steel 
anchor bars located in a future upstream 
crack to counter the uplift force
The dam wall used in the previous illustra-
tion, with H = 27,0 m and H

a
 = 25,0 m, is 

used in this illustration with an upstream 
crack length of X = 1,0 m. 

In order to avoid concrete induced 
compression in the anchor bars at the base 
level, insert the anchor bars (grouted 4 m 
into sound bedrock) in corrugated sleeves 
within the concrete wall and only grout 
them in the sleeves after completion of 
concreting of the dam wall. Each anchor 
bar must go into tension at the base level 
before it will start to pickup bedrock weight. 
Consider the use of Y32 bars at 1,0 m 
centres, located at 0,5 m downstream of the 
upstream face of the dam wall. The self-
weight of a 20 m length of bar above the 
base will cause a compressive stress in the 
bar at the base level of 1,539 MPa. Consider 
m = E

s
/E

c
 = 206 000 MPa/25 000 MPa 

= 8,24. Ignore the effect of pore water 
pressure on Ec and assume Ec is the same 
in tension as in compression. The uplift 
force in a 1,0 m x 1,0 m upstream crack is 
U

e
’ = 245,250 kN and to counter this force 

the tensile stress in a Y32 anchor bar at 
base level would have to rise to 305 MPa, or 
67,8% of yield stress. However, the strain in 

the anchor bar is dependent upon the strain 
in the concrete base.

The total stress diagram is linear along the 
shortened base and the associated strain dia-
gram can be extrapolated across the upstream 
crack. Assume that concreting of the wall is 
completed before impounding commences 
and calculate the initial values for TF

a
 and TF

c
 

with H
a
 = H

s
 = H

c
 = X = O. Hence obtain the 

initial TF in the concrete base at the location 
of the anchor bar, namely 655,2044 kPa.

With X = 1,0 m, H
a
 = 25,0 m, H

s
 = 3,0 m 

and H
c
 = 1,0 m, then TF

a
’ = 163,8762 kPa and 

TF
c
’ = 525,0885 kPa. (Refer to table 3.) By 

extrapolation, the equivalent TF in the con-
crete base at the anchor bar is 152,7961 kPa. 
The change in TF at the anchor bar is 
502,4083 kPa. Hence the tensile stress in the 
anchor bar at base level is f

t
 where:

f
t
 = (8,24 . 502,4083/1 000 – 1,539) = 2,601 MPa

Accordingly, the anchor bar only counters 
an uplift force of 2,091 kN. If this reduction 
in uplift force is taken into account, then 
TF

a
’ = 164, 4130 kPa. Hence TF

a
’ and F

a
’ 

increase by only 0,537 kPa if post-grouted 
non-prestressed anchor bars are provided. 
The anchor bars can be regarded as grossly 
ineffective in countering uplift force.

ILLUSTRATION OF THE ERRONEOUS 
REACTIVE STRESS EQUATIONS
A dam wall as illustrated in figure 1 and 
having the following dimensions, has been 
analysed for two cases, namely no drains at 
location D, and drains at location D. There is 
no upstream crack (X = 0)
H  = 30,0 m ;   H

a 
= 27,0 m;

H
s 

= 3,0 m;    H
c 

= 1,0 m;
L  = 23,00 m;   L

a  
= 17,50m;

C  = 3,0 m;    CY = 4,0 m;
Z

d  
= 0,75;    H

d 
= 1,0 m;

L
d  

= 0,75 m;   H
u 

= 1,0 m;
L

u  
= 0,50 m;   Z

u  
= 0;

FV = 0;      FH = 0;
K = 1,0;
Case 1 No drains at Location D
Case 2 Drains at location D at L

a
 = 17,50 m.

The erroneous reactive stress equations

 (36)

Table 3 Effects of base shortening with uplift

Parameter
Length of upstream crack in m

X = 0 X = 1 X = 2 X = 3 X = 4 X =6 X = 7,68 X =7,69 X = 8

TF
a
’ (kPa) 162,201 163,876 166,709 171,160 177,888 202,602 245,131 245,481 257,092

TFc’ (kPa) 515,291 525,089 535,227 545,562 555,843 574,179 581,645 581,645 581,255

Fa’ (kPa) -83,049 -81,374 -78,541 -74,090 -67,362 -42,648 -0,119 +0,231 +11,842

F
c
’ (kPa) 505,481 515,279 525,417 535,752 546,033 564,369 571,835 571,835 571,445

tan ∅’ 0,8417 0,8698 0,8997 0,9318 0,9662 1,0434 1,1185 1,1189 1,1340
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 (37)

 (38)

 (39)

Note:  If there are no drains at location D, 
then substitute L

a
 = L in equation (39).

 (40)

If there is a drain at location D, then:

 (41)

If there is no drain at location D, then:

 (42)

Case 1 Results – no drains at location D
The correct stresses in accordance with 
equations (3) to (12) are as follows:
TF

a 
= 339,847 kPa;  F

a 
= 74,977 kPa;

TF
c 

= 375,835 kPa;  F
c 
= 366,025 kPa;

TF
d 

= 367,229 kPa;  F
d 
= 296,426 kPa;

The reactive stresses in accordance with 
equations (36) to (42) are as follows:
F

a 
= 74,977 kPa;  TF

a 
= 339,847 kPa;

F
c 
= 366,025 kPa;  TF

c 
= 375,835 kPa;

F
d 
= 296,426 kPa;  TF

d 
= 367,229 kPa;

Hence, with no drains at location D, the 

reactive stresses and the correct stresses 
are identical. The total stresses, TF, lie on a 
straight line. The effective stresses, F, lie on 
a straight line. It is because of the assumed 
linear decrease in uplift pressures from 
heel to toe, that correct F stresses lie on a 
straight line and that reactive TF stresses lie 
on a straight line.

Case 2 Results – drains at location D
The correct stresses are as follows:
TF

a 
= 339,847 kPa;  F

a 
= 74,977 kPa;

TF
c 

= 375,835 kPa;  F
c 
= 366,025 kPa;

TF
d 

= 367,229 kPa;  F
d 
= 357,419 kPa;

The reactive stresses are as follows:
F

a  
= 89, 563 kPa;  TF

a 
= 354,433 kPa;

F
c  

= 412,432 kPa;  TF
c 

= 422,242 kPa;
F

d  
= 335,224 kPa;  TF

d 
= 345,034 kPa;

Refer to figure 5.
As would be expected, the correct 

stresses as calculated for case 2 are the same 
as those for case 1, except for F

d
 which has 

increased as a result of the drains. Except 
for F

a
 and F

c
, all the correct F stresses will 

have increased in case 2.
The reactive stresses for case 2 are very 

different from the correct stresses, with the 
reactive F stresses plotting along a straight 
line. The plots of the reactive stresses for 
case 2 demonstrate the peculiar erroneous 
nature of the reactive stress equations. The 
proof of the error will be left with the argu-
ment that the total stresses are the domi-
nant stresses for intact concrete or rock, 
that it is the total stresses that carry the 
compressive load and hence it is the total 
stresses that are applicable for use with 
equation 2.
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APPENDIX 1

Derivation of forces, associated 
eccentricities and moments, 
based on figures 1 and 2
(A review of the classical method of design 
of medium height gravity dams and aspects 
of base shortening with uplift, by C F 
Watermeyer)

The make-up, for ease of calculation, of 
the vertical gravitational (weight) forces and 
of the horizontal hydrostatic forces, together 
with their associated eccentricities (lever-
arms) about the centroid of the base at loca-
tion B, is shown on figure 2. The forces refer 
to a 1,0 m length of dam wall.

Vertical weight forces and eccentricities

Horizontal hydrostatic and submerged 
sediment forces and eccentricities

Miscellaneous surcharge and pseudostatic 
seismic forces and eccentricities
These are all combined into a vertical force, 
FV and a horizontal force FH, at eccentrici-
ties of EV and EH, respectively.

EV = (LV – 0,50 . L)

Uplift forces and eccentricities

Combined forces

W =  (Wc
1
 + Wc

2
 + Wc

3
 +Wc

4
 + Wc

5
) + (Ww

1
 + 

Ww
2
 + Ww

3
 + Ww

4
) + (Ws

1
 + Ws

2
) + FV

U = (U
1
 + U

2
)

T = (W – U)

P = (Pw
1
 – Pw

2
) + Ps

1
 + FH

Moments

Mb  =  [Wc
1
 . Ec

1
 . + Wc

2
 . Ec

2
 + Ww

1
 . 

Ew
1
 + Ww

2
 . Ew

2 
+ Pw

1
 . Ep

1
 + Ps

1
 

. Ep
s
 + U

2
 . Eu

2
 + FH.EH] – [Wc

3
 . 

Ec
3 
+ Wc

4
 . Ec

4
 + Wc

5
 . Ec

5
 + Ww

3
 . 

Ew
3 
+ Ww

4
 . Ew

4
 + Ws

1
 . Es

1
 + Ws

2
 

. Es
2
 + Pw

2
 . Ep

2
 + FV . EV]

Mbn  = (Mb – U
2
 . Eu

2
)

MPO =  overturning moment about the 
base due to horizontal forces only.

MPO = [Pw
1
 . Ep

1
 + Ps

1
 . Ep

s
 . + FH.EH]

McO = overturning moment about C

McR  = righting moment about C

Mc  = moment about C = (McO – McR)

Mc  = (Mb – 0,5 . T . L)

McO =  MPO + 0,5 . U
1
 . L 

+ U
2 
. (Eu

2
 + 0,5 . L)

McR  = (McO – Mc)


