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A simplified finite element
model for time-dependent
deflections of reinforced

concrete slabs

R Cloete, ] M Robberts, B W | van Rensburg

The aim of this paper is to present a simplified finite element model for the analysis of
time-dependent deflections of reinforced concrete slabs. The proposed method aims

to reduce the computational effort required for more rigorous approaches to non-linear
material behaviour. Established, simple theories of cracking, shrinkage and creep are
described and adapted for implementation in finite element software developed by the
first author. Results are compared to several experimental studies by other researchers to

evaluate the accuracy of the proposed model.

INTRODUCTION
The calculation of two-way slab deflections
poses the dual difficulties of solving com-
plex governing differential equations and
taking into account the effects of creep and
material non-linearity caused by cracking.
Various simplified methods of elastic
analysis for two-way slab systems, suitable
for hand calculation, have been proposed
and adopted in national building codes.
Unfortunately, these methods have limited
applicability when the slab supports are not
rectangular in plan. In contrast, the finite
element approach provides a convenient
analysis method when support layouts are
irregular. The discretisation of the slab
allows the analyst to model almost any
shape of slab, and support positions are
limited only by the selected finite element
mesh. Although the finite element method
is a numerical approximation of the ‘exact’
elastic solution, careful modelling and
choice of formulation yield results in good
agreement with classical methods.
Load-induced cracking, which for the
purposes of this paper occurs when the
concrete stress at the tension face exceeds
the modulus of rupture, influences both the
magnitude of deflection and the distribution
of bending moments and shear forces in the
slab. At the cracked section, it is assumed
that the concrete is free of tensile stresses,
but this does not hold true for the uncracked
zones between fully cracked sections where
tensile stresses are transferred to the con-
crete by bonded reinforcement. The ability
of the uncracked concrete between cracks to
contribute to tensile resistance of a concrete
member is referred to as tension stiffening.
The simplest method of modelling this effect
involves the use of an average cracked sec-
tion. Numerically, this implies a modification
of the second moment of area.

Concrete response to load comprises
immediate and time-dependent components.
The time-dependent component can be
attributed to the related effects of creep and
shrinkage.

The study of the time-dependent deflec-
tion consists of two aspects:

W Prediction of the creep and shrink-
age behaviour of a concrete element by
considering material and environmental
factors. This prediction usually takes the
form of a creep factor or function and a
free shrinkage strain
W Incorporating the predictive parameters
in the analysis of a reinforced concrete
member
This paper focuses on the latter aspect and
no attempt is made to investigate the various
creep and shrinkage models that are cur-
rently in use. Numerous methods are avail-
able for time-dependent analyses, ranging
from complex rheological models to simple
effective modulus methods. Faber’s effective
modulus method (Gilbert 1988), where the
elastic modulus of the concrete is adjusted
with a creep factor, is probably the best-
known and most-used method.

The method proposed here employs
the finite element method in a semi-itera-
tive approach to the deflection problem.
The immediate deflection is calculated
using Branson’s effective moment of iner-
tia (Branson 1968) or the bilinear method
(Favre et al 1985). The resulting member
actions are then used in a time-dependent
analysis to establish the creep contribution
to the final deflection.

The method derives from a simplified
approach to slab tension stiffening suggested
by Polak (1996). Polak applied Branson’s
effective moment of inertia to the finite
element method using reduction factors to
account for cracking and tension stiffening.
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Reinforcement has the effect of reducing the
magnitude of creep deflections in concrete
slabs. This effect is also accounted for using
reduction factors.

Although some of the theories adopted
here are well established and documented
for beams, details are included in the paper
to indicate where changes are required for
the use in slabs, to emphasise the underly-
ing assumptions, and to explain the modifi-
cations proposed in this paper.

THEORETICAL BACKGROUND

Finite element method

This method involves the discretisation of
continua problems into finite sub-regions
termed finite elements. The approach yields
approximate results based on an assumed
stress field, displacement field, or a mixed
hybrid approach. These fields are defined
by points, or nodes, in the finite element.
The displacement method is used here
owing to its widespread application and the

matrix analysis software available for this
method.

The plate element used in this study is
an eight-noded serendipity element based on
the Mindlin-Reissner plate bending theory
(Hughes 1987). The proposed method modi-
fies the element equation relating general-
ised stresses {7}, to the elasticity matrix [D]
and generalised strains {g}:

{o}=[D}{e} @

to the following form

[F]=[D][5]

3 3 7
Eh ; E.vh ~0 0 0
12(1-v4)12(1-v*%)

M, [7®
5 Evh®  ER 0o 0 o w'
o frz-vhz(1-v?) g
M, |= o V.
9, 0 20 0 |¢.
Q 12 ¢
y 0 0 0 Ghx 0 |%y

[0 0 0 0 Ghx| (3

where {M} are the bending stress result-
ants, {Q} are the shear stress resultants, E_
is Young’s modulus, v is Poisson’s ratio, h is
the depth of the plate, G is the shear modu-
lus, {y} are the curvatures, {@} are the shear
strains and «x is a shear correction factor and
takes on the value of% for rectangular sec-
tions. See figures 1 and 2.

Cracked sections

Concrete members crack when the tensile

stress at a point exceeds the tensile strength,

usually taken as the modulus of rupture for
members subjected to flexure. The flexu-
ral stiffness along the member then varies
between two extremes:

M Condition 1 Where the tensile stress is
below the modulus of rupture, the con-
crete remains uncracked and the full sec-
tion contributes to the stiffness

B Condition 2 At sections where the maxi-
mum tensile stress exceeds the modulus
of rupture, the concrete is assumed to
crack over the full depth of the tension
zone. Cracks at these sections are often
referred to as primary cracks

The variation of strain in the tension

reinforcement with bending moment

is shown in figure 3, where M, is the

cracking moment at the section under

consideration. The steel strain at an
uncracked section is g; (condition 1) while
the steel strain at a fully cracked section is

& (condition 2). Between cracks the mean

steel strain is g,,.

Assuming a stiffness based on
condition 2 would overestimate the
deflection of the member, since the regions
between primary cracks remain uncracked
or partially cracked. In these regions,
the concrete in tension contributes to the
flexural stiffness, that is, tension stiffening
occurs.

Including tension stiffening in the
deflection analysis of a concrete member
involves interpolating between conditions
1 and 2, based on the magnitude of the
applied moment. Two empirical methods
are considered here: the bilinear method
and Branson’s effective moment of inertia.

The bilinear method
The bilinear method, first proposed for
beam cracking problems by Favre et al
(1985), is outlined below:

The curvature of a cracked member is
expressed as:
wsm:(l_g)wsl""gwil 3
where y, is the curvature for condition 1,
¥,, is the curvature for condition 2 and ¢ is
a dimensionless parameter that measures
the extent of cracking: zero for an uncracked
section and between zero and unity for a
fully cracked section. A suitable expression
for this parameter is:
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Branson’s effective moment of inertia
Similar to the bilinear method, this method
proposes an effective moment of inertia,
constant over the length of a member, for
the computation of deflections. The effective
moment of inertia, developed by Branson
(1968), is expressed as:

M, (M ],
A %] e

where I, is the moment of inertia based on
the fully cracked transformed section, L is
the moment of inertia of the gross concrete
section neglecting reinforcement and m is
a power usually set to 3, although Branson
suggested a value of 4 for calculating I, at a
specific section.

Although this equation was developed
for beams, a study undertaken by Polak
(1996) suggests that sufficiently accurate
deflection results are achieved for slabs
when using the equation in conjunction
with the finite element method. This meth-
od is set out below.

The difficulty in applying Branson’s
equation to plate bending problems con-
cerns the definition of flexural rigidity. In
the case of beams the flexural rigidity is
simply the product EI, whereas in the plate
formulation, flexural rigidity is represented
by the matrix [D] as shown in equation 2.
Polak circumvented this difficulty by modi-
fying E and v instead of I.

The ratio of the cracked to gross second
moments of inertia is used to modify
[D] per element. This implies that the
cracked section properties are averaged
across all nodes belonging to an element to
arrive at a single partially cracked element.
This is achieved by calculating average
moments in the x and y directions for use
in equation 5,

1 n
quvg = ;2 i=1 [|Mxl| + |Mx_vf|) ©
1 n
Myfu'g = ;E i=1 [|MH| + |J\'Ixyr'|) @
where n is the number of Gaussian sampling
points.

The elasticity matrix, modified for ten-
sion stiffening, takes the following ortho-
tropic form:

E_‘h} E,'.v_\.h',‘ 0 0 1
12(1-v,v,)12(1-v,v,)
s o 3
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Vo=@V, V=V 10)

G =Ga.a,, G,=0Ca,, G3=0Ca, 1D

o, == a).=? 12)
g

Bensalem (1997) pointed out a number of
weaknesses in Polak’s proposed method,
many of which are intentional approxima-
tions with a simple method in mind as
pointed out in Polak’s closure.

One of these weaknesses involves
the calculation of the average moments.
Bensalem argues that the approach would
only be valid for conditions when the signs
of the moments are the same. Should these
signs differ, over- or underestimation of the
average moments would occur. Typical rec-
tangular layouts lead to same sign moments
and the approach remains valid, although
the accuracy for non-rectangular layouts
requires verification.

Creep
Creep is a progressive increase in strain
under sustained loading and is responsi-
ble for the largest proportion of long-term
deflections in concrete structures.

The total creep potential of a concrete
specimen is usually described by a creep
coefficient, ¢(,7), which is expressed as,

¢ltt)= SL—(I) 13)

Where:

&) = creep strain at time t

&, = instantaneous elastic strain at time
of loading

7 =age at loading

#(t,7) = creep coefficient at time t for loading
at time t

The method set out below is often referred

to as the ‘section curvature method’ and

is taken from Ghali and Favre (1986). The

equation variables are illustrated in figure 4.
The creep curvature increment of an

uncracked plain concrete member subjected

to flexure may be expressed as:

Ay =¢(L7)y, a4
Where:

Ay = creep increment in curvature

v, = elastic curvature at time t

Similar to equation 13, equation 14 modifies
the elastic curvature for creep, based on the
creep coefficient and the assumption that
strain is linearly related to curvature.

Reinforcement tends to restrict concrete
creep and the magnitude of this influence
is a function of section geometry and rein-
forcement ratio. The effect of reinforcement
on concrete creep can be expressed by a
dimensionless parameter «, as shown in
equation 15:
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Figure 5 Modification of Polak’s algorithm

Ve
Ay =xt{¢(x,r][wc+;—:o?§ﬂ 15)
Where:
k. = creep curvature coefficient, defined
by equation 17
&,  =axial strain at point O at time t

where point O is a reference point
chosen at the centroid of the age
adjusted transformed section

Y.  =y-coordinate of the centroid of A_ at
time t, measured downwards from
the centroid of the age-adjusted
transformed section

A = effective concrete area, full area for
uncracked sections and the con-
crete compression zone for cracked

members
2 _
T, =1/A,
I =moment of inertia of A_about an

axis through the centroid of the age-
adjusted transformed section

This paper conservatively neglects the effect
of membrane action in the slab and equation
15 can then be simplified to:

Ay =k, [fﬁ(r,r)w‘.] (16)

The creep curvature coefficient k, can be
calculated from:

_LtAy Ay
1

an

¢

Where:

A, =y-coordinate of the centroid of the
age adjusted transformed section,
measured positive downwards from
the centroid of the transformed sec-
tion at time 7

I =moment of inertia of the age-adjusted
transformed section about an axis
through its centroid

Figure 4, taken from Ghali and Favre
(1986), illustrates the variables used in
equations 15 to 17.

Shrinkage

Shrinkage occurs when a hygral difference
exists between a concrete member and

the surrounding environment. Pore and
adsorbed water migrates from the concrete
and causes a change in volume. Should this
change in volume be restrained by rein-
forcement or support conditions, tensile
stresses develop, which could cause crack-
ing. When free shrinkage, denoted by &,
is restrained by an unsymmetrical arrange-
ment of reinforcement about the neutral
axis of a member, an increase in curvature
occurs.

oA e,
- gt.\a( S"." (18)

a,=— 19

= eccentricity of the steel centroid with
respect to the centroid of the trans-
formed section

A, = area of tension reinforcement

I = moment of inertia of the age-adjust-

ed transformed section

It should be noted that e, is based on the
effective concrete modulus and I is based on
the age-adjusted transformed section.

Equation 18 holds for singly reinforced
uncracked members, and an insignificant
error is involved by applying the equation
to cracked sections as well (Kong & Evans
1987).

IMPLEMENTATION OF THE
PROPOSED METHOD

Cracked sections

Polak’s (1996) approach to the problem

of tension stiffening was applied almost
without change. The authors modified the
algorithm suggested by Polak to allow for
iteration after each model update as shown
in figure 5.

Both the bilinear and Branson’s method
were used in conjunction with Polak’s
approach and compared to experimental
results. The bilinear method required fur-
ther development before being utilised in a
manner similar to Branson’s method.

Assuming that elastic relations still hold
on average for cracked sections:

M
=— 20
¥y i, (0)

M
=— QD

Vo= g

where the subscripts 1 and 2 refer to condi-
tions 1 and 2 as described above.

Substituting equations 20 and 21 into
equation 3 yields an effective moment of
inertia

R — @2
C(1=0)L+c

I, can then be used to calculate a,, and o, as
described above. It should be noted that the
procedure for instantaneous cracked deflec-
tion and long-term cracked deflection dif-
fers. For long-term deflections a shrinkage
analysis should precede the crack analysis,
as shrinkage normally causes additional
member actions that contribute to cracking.

Creep
Using equation 17 the parameter i, for the
x and y directions, namely «, and K, can be
calculated based on the reinforcement ratios
in those two directions, similar to o, and
a, above. To account for the different creep
characteristics of cracked and uncracked
sections, a creep analysis must be preceded
by a crack analysis as described above.

The coefficients of equation 8 can then
be modified as follows for the calculation
of creep deflection increments for a cracked
element:

E E

Ev=a,— E,=a,— 23)
K - Tk
G
Gl_axa\ G2=a_\' -
K\.K“,l‘;l’ K\'(at',

G

Gy=a,— 4
p KV‘.fﬁ'
KX = I['X + AiLyl XA.V.\" K‘l = ]['\" + AI_\’LVL \-'é)'\' (25)
I, - I)

VeSOV, vy =ayy (26)

with e, < 1, @, < 1 and ¢ the creep
coefficient.

The variables in equations 23 to 26 apply
to cracked and uncracked section param-
eters as needed. Uncracked elements and
fully cracked sections pose little difficulty.
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Figure 6 Shrinkage analysis algorithm

Partially cracked sections, on the other
hand, require the calculation of an effective
neutral axis.

It is proposed by the authors that the
neutral axis for partially cracked sections be
calculated as follows:

I;: W,

£ = e =y, = Vo Q7
I »n

Where:

Y.  =y-coordinate of the neutral axis

of the partially cracked section,
measured from the top of the
section. This value should be larger
than the cracked neutral axis
coordinate and smaller than the
uncracked value

y; = y-coordinate of the neutral axis for
the uncracked section, measured
from the top of the section

a = degree of cracking in the appropriate
direction
Shrinkage

Equation 18 can be used to calculate x and y
curvatures for each element, independent of
loading. These curvatures need to be trans-
formed into equivalent nodal loads in order
to model the effect of boundary conditions
on shrinkage in a finite element analysis.

Equivalent nodal loads are calculated
simply from the following equation, utilising
Gaussian numerical integration over the four
sampling points:

{Pab= [ (81" [Dles}da e8)

where [B] is the element strain matrix (Bathe
1992; Hughes 1987), [D] is calculated from
equation 8 and {g,

) 1s the vector of shrink-
age strains:

Xx W xsh
Xy W ysh
{CSJI} Sl Xy |7 0 (29)
¢, 0
o, | o

The vector of shrinkage nodal forces for
each element is calculated as:

P, 0
{Psh} = My [ =] My, G0
M

'y Vlysh

where P, is the nodal force in the
z-direction.

All these forces are then assembled
into a global force vector and the shrinkage

1625
At 1A
- 1625
L35
316 | T
i
60

Figure 7 Geometry and reinforcement for specimen SM1

- Rotational restraint
® Translational restraint
¥ Moment

Figure 8 Loading and boundary conditions for specimen
Sm1

deflections and forces are calculated with
[D] modified for creep.

The shrinkage analysis algorithm is
illustrated in figure 6.

SOFTWARE DEVELOPMENT

The finite element program was developed
by Cloete (2004). The program follows

the object-orientated programming (OOP)
paradigm, which allows for extension and
modular problem solution. The finite ele-
ment is encapsulated in an object and

the various effects of cracking, creep and
shrinkage were added to this element object.
The source provided by Hinton and Owen
(1983) was used as the basis for the imple-
mentation. The source was translated from
Fortran to Object Pascal and compiled for
the Microsoft Windows environment using
Borland Delphi 6.0. The program modules
are listed in Cloete (2004).

COMPUTATIONAL EVALUATION

Polak slab specimen

A slab tested by Polak and Vecchio (1994)
was used to corroborate the effective stiff-
ness method presented in the paper. The
data from these slabs are used in this section
to verify the software developed by Cloete
(2004) and to test the applicability of the
tension stiffening method.
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Figure 10 Jofriet and McNeice (1971) slab model

The specimen employed for comparison,
labelled SM1, is illustrated in figure 7 and
table 1, where p, and p, are the percentages
of reinforcement in the x and y directions
respectively.

Specimen SM1, simply supported on two
opposite edges, was loaded with uniaxial
moments on the supported edges. The load-
ing conditions and boundary conditions for
the slab are shown in figure 8.

The comparison results of the experi-
mental and numerical analysis of specimen
SM1 are plotted in figure 11. It is evident
from figure 11 that the authors’ implemen-
tation of both the bilinear and Branson’s
approach to tension stiffening compares
favourably with the experimental data of
specimen SM1 and the results of Polak and
Vecchio (1994).

Jofriet and McNeice slab

Jofriet and McNeice (1971) performed a
point loading test on a corner supported
slab, the properties of which are indicated
in table 2. The point load was applied to the
centre of the slab.

The specimen geometry is illustrated
in figure 9 and the finite element model in
figure 10.

The slab model consists of a 6 x 6 mesh
with the translational degrees of freedom
restrained at the corner nodes. The slab was
subjected to a central point load and deflec-
tions measured at point A as indicated. With
the element mesh as shown, this point for-

Table 1 Properties of specimen SM1 (*per layer)

Dimensions (mm)

E_ (GPa) Pt

1500 x 1500 x 316 34,278 1,25%

d, (mm) d, (mm)

0,42% 281 256 0,2

Table 2 Properties of the Jofriet and McNeice (1971) slab

Dimensions (mm) E. (GPa)

914 x 914 x 44 28,623 0,85% 0,85% 33 0,15
Table 3 Material properties of Haddad’s beam (Neville & Dilger 1970)

Concrete cylinder s[rength,_)‘[’ 26,34 MPa

Rupture modulus, f, 3,1 MPa

Young’s modulus, E 22,76 GPa

Free shrinkage strain, € -204 x 106

Creep coefficient, ¢ 2

Percentage tension reinforcement 1,42 %

600
500
.
E 400 |
g
Z
&
= 300 |
g
S
=
200F » Experiment
-~~~ Cloete (using Branson’s method)
100 Cloete (using bilinear method)
----- Polak and Vecchio (1994)

Curvature x 1073

8 10 12 14

Figure 11 Specimen SM1 analysis results

14
12 F
= 10 r
=S
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=
g 6r
() £ .
@] ® Experiment
4 F -———— Cloete (using Branson’s method)
——— Cloete (using bilinear method)
2 r = === Polak (1996)
2 4 6 8

Deflection at Point A (mm)

Figure 12 Jofriet and McNeice (1971) slab results

tuitously coincides with a mid-edge node of
a central element.

In figure 12, the analysis results of both
Polak (1996) and Cloete (2004) are plot-

ted against the experimental data of Jofriet
and McNeice (1971). It should be noted that
Branson’s approach yields results in closer
agreement with experimental results than
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Table 4 Comparison between the proposed model, Neville and Haddad’s results

FEA (mm) Neville (mm) Haddad (mm)
Elastic with cracking (Branson) 5,8 5,28 5,84
Creep with cracking 3,14 3,81
Shrinkage 1,28 1,04
Total long term 10,22 10,13 10,9

6_
5_
z
£ T
=
19
E 3
=
!
Lk

0,85% Branson
0,085% Branson
————— 0,85% bilinear
————— 0,085% bilinear

le x 106

Figure 13 Comparison of the two tension stiffening methods

the bilinear approach. Careful investiga-
tion of the parameters of these two methods
reveals that the bilinear method is very sen-
sitive to changes in reinforcement ratio.

The curve of the effective moment of
inertia versus applied moment curve (see
figure 13) changes shape with lower rein-
forcement ratios when using the bilinear
method, whereas the curves remain fairly
affine when using Branson’s method. The
figure implies that the bilinear method
becomes unreliable with lower reinforce-
ment ratios. This finding casts significant
doubt on the usefulness of bilinear method
in flat slab problems where reinforcement
ratios are typically fairly low.

Haddad’s beam
The data for this beam test as well as the
hand-calculation deflection results were
obtained from Neville and Dilger (1970).
The cross-sectional properties, layout and
loading of the tested beam are illustrated in
figure 14. It should be noted that the origi-
nal test was carried out using imperial units.
Material and geometric properties as
established by Haddad are given in table 3.
The modulus of rupture was calculated
from:

f=06J]. GD
where f° is the concrete cylinder strength.

The beam was approximated with a 1 x 20
element mesh, as illustrated in figure 15.

Three separate analyses were performed and
compared with Haddad’s experimental data
as well as the results obtained by Neville
with hand calculation methods (Neville &
Dilger 1970).

A simple elastic analysis, neglecting
cracking and tension stiffening, yields a
mid-span deflection of 3,67 mm, which
compares well with the value of 3,71 mm as
predicted by analytical methods.

Table 4 compares the mid-span deflec-
tions of the finite element analysis, Neville’s
results and Haddad’s data.

It should be noted that the method
proposed in this paper assumes that the
principle of superposition applies to the
four stated components of time dependent
deflection: elastic, cracked, shrinkage and
creep.

Table 4 indicates that the finite element
analysis correlates extremely well with both
the hand calculation methods employed by
Neville and the actual results obtained by
Haddad.

Cardington slabs
A full-scale seven storey concrete frame was
erected and investigated at the Building
Research Establishment’s large-building test
facility in Cardington in the UK as part of
the European Concrete Building Project.
The floors consist of flat slabs and deflection
measurements were published by Vollum
and Hossain (1998).

The publications concerning this build-
ing do not mention the exact reinforcement

17,36 kN 17,36 kN
1,83 m 0,61 m [
- - |
' i
|
!
o ©
- -
4,267 m |
180,34 mm
i a i
=
; :
A i
=3 =
n %)
. o Ll

-

Figure 14 Geometry and loading of the beam tested by
Haddad (Neville & Dilger 1970)
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# Point load

Figure 15 Plan view of the finite element layout of
Haddad’s beam

—PP Rotational restraint

® Translational restraint

b B

L P

Only a quarter slab due to symmetry

Figure 16 Plan view of the finite element layout for the
Cardington slabs

ratios but the project brief, Chana et al
(1998), contains enough data (table 5) to
infer the designed reinforcement from a
design calculation to Eurocode 2.

A design calculation utilising the equiva-
lent frame method, yields required reinforce-
ment in the order of 360 mm¥m for both
the hogging and sagging moment regions.
This reinforcement area and the parameters
shown in tables 6 and 7 are used to calculate
the long-term deflection with the method
proposed by the authors. The finite element
mesh used is illustrated in figure 16.

Two finite element analyses (FEA) were
performed:

B FEA (two steps) In this analysis, creep
deflection was calculated using properties
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Table 5 Cardington slabs parameters (Vollum & Hossain 1998)

Parameter Value

Dead load (load combination factor)

5 kPa (1,35)

Live load (load combination factor)

2,5 kPa (1,5)

Panel dimensions

75mx75mx 250 mm

Column dimensions (internal)

400 mm x 400 mm x 3,75 m

Concrete

C37

Table 6 Cardington time-dependent slab parameters (Vollum & Hossain 1998)

Parameter

to, 1, by, t3 (time)

Value

2 days, 12 days, 300 days, 1 000 days

W, Wq, W, (sustained service load)

6,75 kPa, 10,7 kPa, 9 kPa

Ey, E;, E, (modulus of elasticity)

27 GPa, 33 GPa, 33 GPa

f.0. £, fp (modulus of rupture)

2,7 MPa, 3,6 MPa, 3,6 MPa

Concrete

C37, (35 MPa)

Table 7 Creep coefficients for the Cardington slabs (Vollum & Hossain 1998)

Time (days) o(t,ty) x(t,ty)
th=2 _
=12 0,57 -
t, =300 142 0
t3=1000 1,72 1,03

e Experiment (Vollum & Hossain 1998)
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Figure 17 Finite element analysis plotted on the Cardington data

from t; to t, in the first step, and a second
step calculated creep deflections from t,
to t5. The first step used the 6,75 kPa load
and the second step 9 kPa.

M FEA (one step) Here creep deflection was
calculated in a single step from t; to t5
using 9 kPa.

The measured deflections are plotted against

the results of the finite element analysis in

figure 17. The finite element analysis cor-
relates well with the experimental data up
to the application of the 9 kPa load at t =

300 days. It is clear that the load history

is of great importance when calculating
long-term deflections and that the proposed
method does not perform extremely well
when faced with varying load histories. This
problem would be exacerbated were the
sustained load to decrease at any time, since
full creep recovery would erroneously be
shown by the proposed method.

Despite these failings, the method
predicts the 1 000-day creep deflection
within +12 % when load history is included
and within —40 % when load history is
neglected.

DISCUSSION AND CONCLUSIONS

The basic premise of the proposed method
is the extrapolation of concrete beam
behaviour to slab problems. The cracked
and creep behaviour of beams is applied
with minor modification to plates or slabs.
Since slabs are subjected to biaxial stress
states, the assumption that biaxial behav-
iour is equivalent to the superposition

of two uniaxial solutions is an obvious
simplification.

The error introduced by the simpli-
fication is of dubious importance when
the inaccurate prediction models for the
calculation of creep and shrinkage influ-
ences are taken into account. The equivalent
frame approach will produce conservative
estimates of long-term deflection as slabs
exhibit higher flexural stiffness due to tor-
sional interaction.

This assumption has been the basis of
many a simplified method in the past and
the proposed method merely applies it to the
finite element method.

Cracked deflections

Polak’s (1996) effective slab stiffness method
produces acceptable results for both uniaxial
and biaxial moment conditions, as illustrat-
ed by figures 12 and 13. Although the bilin-
ear method and Branson’s method yield very
similar results in the finite element analysis
of slab SM1, the bilinear method performs
poorly with low reinforcement ratios.

Authors such as Park and Gamble
(2000) have objected to the use of Branson’s
method in slab problems because this
entirely empirical equation was developed
for beams. They argue that slab steel ratios
are significantly smaller than those of beams
and it follows that the tension stiffening
effect in slabs would be far lower than pre-
dicted by Branson’s equation.

Based on the findings of this paper,
Branson’s effective moment of inertia is pre-
ferred over the bilinear method for use in a
finite element analysis of slabs.

Creep deflection
The proposed method of incorporating
creep effects into a finite element analysis
compares well with the experimental results
of Haddad’s beam and the Cardington
building.
The proposed method has much to rec-
ommend it:
M The influence of reinforcement on creep is
taken into account
B Movement of the neutral axis due to
cracking is incorporated
M Only two parameters are required to
quantify the creep strains of the material
The creep method developed here compares
favourably with the concrete frame tested
at the Cardington facility when constant
loading is assumed. As mentioned in the
previous section, some work is required to

Journal of the South African Institution of Civil Engineering ¢ Volume 49 Number | March 2007 9



accommodate varying load histories and in
particular when unloading occurs.

Shrinkage deflection

As with creep, very little data is available

on the shrinkage behaviour of flat slabs and
the procedure used for beams was imple-
mented, based on the single free shrinkage
parameter. The proposed method compares
very well with Haddad’s beam. It should be
noted that the proposed method to include
shrinkage deflection in the analysis fails
with clamped beams or plates since rota-
tion, and not only axial deformation, is con-
strained in these cases. Further analytical
work is required to apply a complete shrink-
age analysis to models with clamped bound-
ary conditions.

Recommendations and suggestions
The applicability of Polak’s method using
Branson’s effective moment of inertia has
been well demonstrated, although the
boundary conditions for flat slabs do raise
some concerns as to its use in the service-
ability design of these structures.

Further work could include differ-
ent plate formulations and more rigorous
methods of estimating the magnitudes of
the reduction factors for cracking and creep.
Specifically the average moment for use in
Branson’s equation and the influence of both
cracking and creep on the shear character-

istics of flat slabs. Varying, and especially
decreasing, load histories need to be consid-
ered in greater detail as few practical slabs are
subjected to a constant loading over its life.
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