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introduction
The process of subway construction is 
undergoing rapid developments in China. 
Shield-driven tunnels are widely used in 
soft ground because of their flexibility, 
cost-effectiveness, and minimal impact 
on ground traffic and surface structures. 
Segmental precast concrete linings (see 

Figure 1) connected by steel bolts are 
commonly used in shield-driven tunnels. 
These are one of the single most important 
elements in the total cost of tunnelling, 
representing 15–40% of the total cost 
(Iftimie 1994).

Segment joint opening is a common 
problem in shield tunnel operations, and is 

Mechanical behaviour of 
semi-rigid connections 
coupling two concrete 
segmental linings
P Zhai, P Xu

This paper describes the use of segment joints in shield-driven tunnel linings. The opening of 
segment joints due to the application of a bending moment under different levels of axial stress 
is studied. The main focus is the mechanical behaviour of the joints, which are considered to be 
semi-rigid, and the moment-rotation behaviour of the joint. A physically based mathematical 
model is proposed based on the joint dimensions and material properties. Considering joints 
connected by two long curved bolts as an example, the model parameters are evaluated, 
and the moment-rotation curves for the joint are presented. The model distinguishes joint 
behaviour before and after opening, and agrees well with the real mechanical behaviour of 
the joints. A comparison with previous experiments on segment joints and with Janssen’s and 
Gladwell’s models is provided, and the proposed model is found to be accurate and universal.

Segment

Segment joint

Bolt pocket

Key segment
Counter segment

Figure 1 Segment lining



Journal of the South african institution of civil engineering Volume 62 Number 2 June 2020 3

a major cause of water leakage. The width 
of the segment joint opening is an indica-
tor of the deformation of the segmental 
lining. The damage caused to segment 
joints under large bending moments is the 
most common structural problem with 
tunnel linings.

Considerable research has focused on 
the mechanical behaviour of the segmen-
tal linings. Originally the linings were 
simplified as a uniformly rigid ring by 
applying a reduction factor to the flexural 
rigidity (ηEI) of the tunnel linings (Peck 
et al 1972; Muir Wood 1975). Lee and Ge 
(2001) derived an analytical formulation 
of η for the flexural rigidity of segmental 
tunnel linings.

The existence of joints between 
segments is the main characteristic of 
prefabricated linings, because they greatly 
affect the bending moment, which is the 
dominant factor in segment damage. 
Thus, the influence of the segment joints 
on the performance of tunnel linings has 
attracted the attention of many research-
ers. Some consider the segment joints as 
rotational springs, and assume that the 
bending stiffness is constant (ITA 2000; 
JSCE 2000; Ding et al 2004), which means 
the moment-rotation (M-θ) relation is 
linear. Subsequently, bilinear and trilinear 
models for the structural analysis of lin-
ings (Atsushi 2012) have been proposed to 
provide a better approximation.

Combining various linear models, the 
following uniform model can be obtained 
(see Figure 2):

M = k1θ 
  where M ≤ |MT| 
M = k1θT + k2(θ – θT) 
  where |MT| < M ≤ |MY| 
M = k1θT + k2(θY – θT) + k3(θ – θY – θT) 
  where M > |MY|

⎫
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎭

 (1)

where k1 is the bending stiffness before 
joint opening, k2 is the bending stiffness 
after joint opening, k3 is the remnant 
bending stiffness after plastic deformations 
appear in the joint components, MT and 
θT are the bending moment and rotation 
angle just after joint opening, respectively, 
MY and θY are the bending moment and 
rotation angle, respectively, just as the joint 
components (concrete or bolt) reach the 
material strength limit.

In terms of M-θ curves, full-scale joint 
tests suggest that the mechanical behaviour 
is highly nonlinear (Ding et al 2013; Li et 
al 2015; Blom 2000). This is because of 

the nonlinearity of the components and 
the discontinuity of the joint. The bending 
stiffness of the joint decreases significantly 
after the joint has opened.

A number of researchers have attempted 
to carry out M-θ calculations of seg-
ment joints. This is a critical issue in the 
structural analysis of the segment linings. 
Janssen (1983) proposed a simple theoretical 
model that describes the moment-rotation 
behaviour of segment joints in linear materi-
als with full concrete-to-concrete surface 
contact. The model represents the joint as 
an equivalent concrete beam between two 
segments. This concrete element simulates 
the rotations in the joint and additional 
curvature in the two adjoining segments 
caused by a concentrated force introduced 
to the segments. The Janssen model can be 
written as follows:

linear : θ = 12
M

Ech2b
, θ < 

2N

Echb
 (2a)

non-linear: θ = 
8N

9Echb
⎫
⎪
⎭
2M
Nh

 – 1
⎫
⎪
⎭

, θ ≥ 2N

Echb
 (2b)

where Ec is the elasticity modulus of con-
crete, N is the axial force, b is the segment 
width, and h is the segment thickness.

Under Janssen’s theory or the equivalent 
theory developed by Blom (2000), a uni-
fied model involving linear and nonlinear 
branches is established. The model can be 
divided into three different stages:

1.  Constant bending stiffness until 

 M > 
Nh

6
. This gives cr = 

bh2Ec

12
 (3)

 where Ec is the elasticity modulus of 
concrete, N is the axial force, b is the 
segment width, and h is the segment 
thickness.

2.  Bending stiffness is nonlinear, but the 
ultimate compressive strains are in the 
elastic branch, until ε = εc, where εc is 
the initial plastic strain of concrete.

 This yields cr = 
9bhEcM

⎫
⎪
⎭
2M
Nh

 – 1
⎫
⎪
⎭

2

8N
 (4)

3.  Bending stiffness is nonlinear and the 
ultimate compressive strains are in the 
plastic branch, until ε = εcu, where εcu is 
the yield strain of concrete.

According to elasticity theory, the 
compressive stress distribution in the 
joint is nonlinear. In reality, the stresses 
will reach infinity at the edge of the 
contact area of the joint. Gladwell (1980) 
developed a relation for the moment-
rotation between two flat surfaces. 
The contact stresses are assumed to be 
concentrated on the edges of the joint. 
The initial stiffness of Gladwell’s model 
is higher, and the joint stays closed 
for longer than in Janssen’s model. 
Gladwell’s model also contains linear and 
nonlinear parts:

k3

k2

k1

M

θθYθT

MT

MY

Figure 2 Uniform linear model for segment joints



Volume 62 Number 2 June 2020 Journal of the South african institution of civil engineering4

linear : M = 
1

32 

πh2bEc

1 – v2
, M < 

1

4Nh
 (5a)

non-linear: M = 
1

2Nh
 – 

2b(1 – v2)

πhEc
,

 M > 
1

4Nh
 (5b)

where Ec is the elasticity modulus of con-
crete, N is the axial force, b is the segment 
width, and h is the segment thickness.

In recent years, researchers have 
concentrated on developing a better under-
standing of the joint behaviour in the hope 
that this will lead to improved compre-
hension of test results and more realistic 
analytical and numerical modelling. A pro-
gressive mechanical model for longitudinal 
joints was derived by Li et al (2015), who 
divided the duration of joint opening into 
four stages. Dong and Xie (2013) proposed 
an analytic three-stage model.

The objective of this paper is to inves-
tigate the opening of segment joints with 
growing bending moments under different 
levels of axial stress, and to propose an 
analytical model for predicting the M-θ 
behaviour of the joints.

Mechanical analysis of 
concrete segMent joints
This section considers a joint in a segment 
lining connected by two long curved bolts 
(see Figures 3 and 4) similar to that used 
in Zhengzhou Metro Line 1 – concrete 
strength grade C50, anti-seepage grade 
P12, main reinforcement HRB335, outer 

Figure 3 Longitudinal joint sections

Figure 4 Long curved bolts

d = 180

h = 300

R3
50
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8 50

58

32

138
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50

58

32

138

175 175180180

Figure 5 Dimensions of joint
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diameter of lining ring 6.0 m, inner 
diameter 5.4 m and ring width 1.5 m. The 
pre-tightening force of 6.8 grade M27 bolt 
is 108 kN, and the distance between the 
centre of the bolt hole at the joint and the 
inner arc surface is 120 mm (see Figure 5). 
The segment joint can be considered as a 
semi-rigid connection, as in the design of 
numerous frame structures (Xu 2002; Yee 
& Melchers 1986; Dias 2014).

A concrete segment joint connected 
by two long curved bolts is taken as an 
example (Figure 5). In the case of this plane 
joint, adjacent segments in a ring are most-
ly in concrete-to-concrete surface contact 
without packing material. The contact area 
will have a reduced height in comparison 
with the segmental thickness (h).

The joint dimensions and material 
properties are listed in Table 1.

For simplicity, several basic assump-
tions are needed to evaluate the model 
parameters. These assumptions are as 
follows:
1. The rotation angle and deformation of 

the joint are very small compared with 
the size of the segment.

2. The compressive and detached areas of 
the joint remain in the plane.

3. The depth of influence of the 
compression strain in the compres-
sive zone is twice the height of the 
compressive area.

According to these assumptions, the 
geometric model of the segment joint can 
be simplified into the form illustrated in 
Figure 6.

As the bolts are positioned only on 
the inner side of the segments, the M-θ 
behaviour should be investigated in two 
rotational directions (use Figure 6 to define 
+ and − moments). The arc structure of 
the segment and the bolt position mean 
that the joints respond differently under 
positive and negative bending moments. 
The moment-rotation curve can therefore 

be divided into two separate branches. In 
most analytical models of segment joints, 
the arc structure is simplified as a straight 
shape, so that only the location of the bolt 
distinguishes the joints under positive and 
negative bending moments. Therefore, the 
parameter calculations in this model are 
similar when the joints are under negative 
bending moments. In this paper, we con-
sider the positive moment as an example, 
and present a mathematical model describ-
ing the M-θ relation.

First, the physical meaning of some 
parameters is discussed, as this is critical 
to determining the M-θ behaviour of the 
segment joint. The initial bending stiffness 
of the joint, ki, describes the joint rotation 
at the very early stage (i.e. M = θ = 0). The 
joint then starts to rotate, but no opening 
occurs. As the bending moment increases, 
the one edge of the joint becomes divided 
at a certain point in time. At this point, 
M and θ reach values of Md and θd, 
respectively, and the bending stiffness is 
kd. As the bending moment M continues 
to increase, it reaches the plastic moment 
capacity of the joint, Mp, at which point 
the ultimate bending stiffness kp occurs. 
These are the critical points of the M-θ 

relations, although the intervals between 
these critical points are also important. 
The parameter C is introduced to control 
the rate of decay of the M-θ curve.

Regarding the relationship between the 
bending moment and the rotation angle at 
the joint, the nonlinear behaviour of the 
joint can be analysed using experimental 
data. This means that the rotation stiffness 
depends on the rotation angle of the joint. 
According to the mechanical behaviour 
reported by previous studies (Ding et 
al 2013; Li et al 2015; Dong & Xie 2013; 
Luttikholt 2007), the M-θ curve model 
should satisfy the following requirements:
1. When no moment exists in a joint’s 

section, no rotation angles will appear 
(M = 0 or θ = 0), which means that the 
M-θ curves pass through the origin.

2. Differentiating M and substituting for 
θ = 0 gives the initial bending stiffness 
ki.

3. The bending stiffness k then decreases, 
and ki attains a value of kd at the point 
at which the segment joint divides. 
Thus, differentiating M and substituting 
for θ = θd gives kd. This requires that 
the M-θ curve is not only continuous, 
but also differentiable at θd.

4. After the joint has opened, the bend-
ing stiffness k decreases rapidly. With 
the rotation angle increasing, plastic 
behaviour appears in one or more 
components of the segment joint. The 
moment M then increases very slowly 
and the bending stiffness k remains 
almost constant.

Besides the critical points mentioned 
above, there are several desirable aspects 
to the model. The slope of the math-
ematical expression of the model should 
correspond to the bending stiffness of the 
segment joint for any value of θ. Thus, the 

Table 1 Main physical and mechanical parameters

Parameter value unit

Segment width b 1.5 m

Segment thickness h 0.3 m

Distance from bolt to external edge d 0.18 m

Yield stress of concrete σca 5.0 × 104 kN/m2

Yield stress of bolt σba 4.8 × 105 kN/m2

Elasticity modulus of concrete Ec 3.45 × 107 kN/m2

Axial force N 1.5 × 103 kN/Ring

M+

N+
h

d

M+

N+

dc
σc

Outer face

Inner face

x

Figure 6 Joint under positive moment
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parameter C describing the decay rate of 
the M-θ curve is introduced.

From the experiments and numerical 
simulations reported by Luttikholt (2007), 
the M-θ curves exhibit exponential-like 
decay. As the rotation becomes large, the 
slope of the M-θ curve approaches the 
bending stiffness kp = 0, and the curve 
tends asymptotically to the moment 
capacity Mp of the joint. However, there 
are some differences before the joint opens 
to after the joint has opened. These two 
states should be considered separately. We 
attempt to describe the M-θ behaviour 
with exponential-like functions, while 
considering that the model should possess 
the properties mentioned above.

The mathematical model of the M-θ 
curve is assumed to be as follows:

M = Φ1(θ),  0 ≤ θ ≤ θd (6a)

M = Φ2(θ),  0 ≥ θd (6b)

According to the requirements stated above, 
Model 6 should have the following properties:

  (7)

As shown in Figure 7, when the neutral axis 
is below the inner side of the segment joint, 
joint opening does not occur, and the whole 
section of the joint bears the compressive 
stress. Therefore, the bending stiffness of 
the joint is extremely large in this situation, 
and the moment mainly compensates the 
axial forces. The rotation angle caused 
by the compressive deformations is quite 
small. Additionally, the critical issue of 
the segment joint’s mechanical behaviour 
needs only be considered after the joint has 
opened. In conclusion, the first equation of 
the mathematical model is assumed to be 
linear. Thus, in Equation 7, ki = kd. For the 

nonlinear parts, an exponential-like func-
tion is introduced to reflect the exponential 
decay of the M-θ curve.

According to the properties in 
Equation 7, the following mathematical 
model is derived:

 (8)

where θ̂ = θ – θd, x is the height of the 
compressed region (see Figure 6), Md is 
the bending moment at the point at which 
the joint opens, Mp is the plastic moment 
capacity of the joint, C is a parameter 
describing the decay in the bending stiff-
ness, ki is the initial bending stiffness, and 
kp is the ultimate bending stiffness.

Model 8 satisfies the properties described 
at the beginning of this section. If the model 
parameters can be evaluated exactly, the 
model will qualitatively agree with experi-
mental results in terms of the M-θ relation. 
In the next section, we concentrate on evalu-
ating the parameters in Model 8.

evaluation of Model 
ParaMeters

evaluation of ki
The initial bending stiffness ki is considered 
to be a uniform bending stiffness (secant 
slope). Hence, ki will be calculated from the 

unloaded state until the point of joint open-
ing. During this interval, the bending stiff-
ness of the joint is very large and decreases 
only slightly. As the neutral axis is located 
on the lower inside edge of the joint, i.e. the 
moment when the joint opens is:

Md = 
Nh

6  (9)

it is difficult to determine the displacement 
∆c of the concrete on the joint’s upper 
edge. According to Saint-Venant’s principle, 
beyond a certain distance (lcc) from the 
compression area, the stress becomes uni-
form and uniaxial over the section profile 

(Collins & Mitchell 1991), i.e., σz = 
Fc

bh
 

and σy = 0. Ding et al (2013) investigated 
the value of lcc by means of finite element 
analysis. In this study lcc is assumed to be 
twice the height of the compression area 
for simplicity (Atsushi 2012). Thus, the 
displacement ∆c of the upper outer edge 
has the following expression

∆c = εch = 
σch

Ec
 (10)

where εc and σc represent the strain and 
stress of the upper edge, respectively. The 
rotation angle can be calculated by

θd = 
∆c

h
 = 

σc

Ec
 (11)

and so ki can be expressed as

ki = 
Md

θd
 = 

NhEc

6σc
 (12)

⎫
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪ 
⎪
⎭

M = 0 θ = 0

dΦ1

dθ
 = ki θ = 0

dΦ1

dθ
 = kd θ = θd

dΦ2

dθ
 = kd θ = θd

dΦ2

dθ
 = kp θ  ∞

M  Mp θ  ∞

⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎪
⎭

M = 
x(3h – 2x)bEcθ

24
, 0 ≤ θ ≤ θd

M = (Mp – Md) ⎫
⎬
⎭
1 – exp

  
– (ki – kp + Cθ̂)θ̂

Mp – Md

⎫
⎬
⎭
 + kpθ̂ + Md ,

  θ ≥ θd

M M

Outside

Neutral axis

Inside

NN

Figure 7 Neutral axis is below the inner side
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Because N = 
1

2
hbσc, we have that 

N

σc
 = 

bh

2
. 

 
Thus, the expression for ki can be rewritten as

ki = 
bh2Ec

12
 (13)

When M = Md, the rotation angle θd is 
given by

θd = 
2N

bhEc
 (14)

Therefore, we can distinguish two stages 
in which the rotation angle θ of the joint 

increases: θ ≤ 
2N

bhEc
, when the joint is 

always closed, and θ > 
2N

bhEc
, when the joint 

becomes divided along the inner edge.

evaluation of Mp
As the bending moment increases, the 
components of the joint generate plastic 
deformations. The joint then develops into 
a plastic hinge. It is the bending moment 
M that transforms the joint into a plastic 
hinge. Therefore, the moment capacity 
of the joint, Mp, is a critical parameter in 
Model 8. Mp is the maximum moment that 
can be transmitted by the segment joint 
without strain hardening, and is governed 
by the failure of the weakest component, 
such as the bolts, bolt pockets, and the con-
crete section of the joint. This parameter 
can be calculated as follows:

Mp = Fbolt
⎫
⎪
⎭
d – 

h

2
⎫
⎪
⎭
 + Fc

⎫
⎪
⎭

h

2
 – 

x

3
⎫
⎪
⎭
 (15)

The moment capacity Mp depends on the 
strength and size of the components of the 
joint connected by two bolts. When one or 
more of the following component failures 
appear, the joint will lose its ability to sus-
tain further loads.

Fbolt = 2σbaAb (16a)

Fbolt = 2σcaAp (16b)

Fc = 
1

2
σcabx (16c)

where σba is the yield stress of bolt, σca is 
the yield stress of concrete, Ab is the cross-
sectional area of the bolt, Ap is the bearing 
area of the nut and washer on the concrete, 
Equation 16a indicates bolt failure (in 
tension), Equation 16b represents concrete 

squashing near the bolt pocket, and 
Equation 16c represents concrete squash-
ing of the compression zone. Calculations 
indicate that concrete compression zone 
squashing will occur first, which is in 
accordance with the results of full-scale 
tests. Actually Mp can be calculated with 
the help of the following equations:

Fbolt = (d – x)θkj (17a)

Fc = 
1

2
bxσca (17b)

xθ = 
lσca

Ec
 (17c)

Fc – Fbolt = N (17d)

where kj is the tension spring coefficient of 
the segment joint. From Equation 17, the 
height of the compression area x can be 
obtained from:

1

2
bxσca – (d – x)

2σca

Ec
kj = N (18)

The distance x and moment capacity Mp 
can then be calculated. The calculation 
process is described in the Appendix at the 
end of this article.

evaluation of kp
As strain-hardening of the joint is not 
considered in this study, kp = 0. According 

to the stress–strain relationship of the 
segment concrete and the M-θ curves 
derived from previous full-scale tests, 
the M-θ curve of the joint is asymptotic 
with respect to Mp. In this case, a plastic 
hinge exists, i.e. plastic deformation of the 
concrete compression zone occurs, and 
the bending stiffness of the joint tends 
to kp.

calculation results of model 
parameters
Using the parameter values given at the 
beginning of this section, the parameters 
of the M-θ model can be calculated. The 
results are presented in Table 2.

Setting the rate of decay parameter 
C to values of 1 and 100, and using the 
parameters in Table 2, the M-θ curve 
can be plotted (see Figure 8). The tension 
spring coefficient of the segment joint, kj , is 
approximately equal to the tension spring 
coefficient of the bolts, kb . Therefore, kj can 
be calculated as (Atsushi 2012):

Table 2 Calculation results of model parameters

item values units

Md 75 kN ∙ m

θd 3.86 × 10–4 rad

ki 1.94 × 105 kN ∙ m/rad

x 5.0 × 10–2 m

Mp 2.61 × 102 kN ∙ m
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kj = 
EbAb

Lb
 = 9.54 × 105 kN ∙ m (19)

where Eb is the elasticity modulus of the 
bolts, Ab is the useful cross-section of 
the bolts, and Lb is the useful length of 
the bolts.

Model validation
The proposed model of this paper is 
mainly dominated by the parameters of 
critical points Md, Mp and the parameter 
of decay rate C. The physical behaviour 
of the segment joints with an increasing 
bending moment, can also be reflected by 
these parameters. The bending moment 
Md describes the behaviour of the joint 
opening, and Mp describes the situation 
where the components of the joint perform 
plasticity. The parameter C describes the 
decay rate of the M-θ relation. Therefore, 
when using this model, the parameters Md, 
Mp, and C should be calculated, so that the 
model reflects the real physical behaviour 
of the segment joints.

effects on model of parameters
Evaluations indicate that the model 
parameters are closely related to the axial 
force N and the intrinsic parameters of the 
segment (such as the segment dimensions 
b, h, d and the material properties Ec, σca). 
Subsequently, Figure 8 was obtained, which 
shows the M-θ relation.

The following paragraphs discuss the 
main factors that influence the model 
parameters. According to Equations 9, 13 
and 14, at the point at which the segment 
joint opens, the bending moment Md and 
the rotation angle θd both increase with 

increasing axial force N. This is because the 
bending moment mainly counteracts the 
effects of N on the joint section. Thus, as 
N increases, a larger value of Md is needed 
to initiate joint opening, and the increased 

deformation ∆c will enlarge θd. Additionally, 
Md will grow with the segment thickness 
h, and the rotation angle θd will decrease as 
the segmental size parameters (h, d) and the 
elasticity modulus Ec increase.
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The initial bending stiffness ki will 
become larger as the segmental size 
parameters (h, d) and elasticity modulus 
Ec increase. Consequently, the straight 
part of the M-θ curve will extend as the 
axial force N increases, i.e. ki is positively 
related to bh2Ec. Therefore, the segment 
thickness h has a significant impact 

on the initial bending stiffness ki (see 
Figure 9).

Thus, the axial force N must exceed a 
magnitude of 108 kN/ring for x to reach 
the axis of symmetry (X = 11 250; see 
Equation A5 in the Appendix). Until the 
axial force N reaches that order of magni-
tude, the plastic moment capacity of the 

joint Mp will increase with the growth in 
N. Figure 10 shows that Mp and N have an 
approximately linear relationship, because 
2Ec (the coefficient of N in Equation A4) is 
small compared with bσcaEc + 4σcakj.

comparison with other analytic 
models and test results
The parameter C determines the rate of 
decay of the M-θ curve (Maquoi & Jaspart 
1987). In this study, we compare the effects 
of C = 1 and C = 100.

Hordijk & Gijsbers (1996) conducted 
experiments on segment joints without 
packing materials. The specimens used 
in the tests had a segmental thickness of 
350 mm and a segmental width of 500 mm. 
The contact height of the joint was 
158 mm. Two tunnel segments were loaded 
by increasing the bending moment under 
various normal forces. The influence of the 
bolts on the rotation capacity of the joints 
was also considered. A schematic overview 
of the test set-up is shown in Figure 11.

Under different axial forces, the model 
proposed in this paper is compared with 
the test results reported by Hordijk & 
Gijsbers (1996), Janssen’s model, and 
Gladwell’s model.

From Figures 12 – 16 it is clear that 
the moment-rotation curves exhibit linear 
and nonlinear branches. Gladwell’s model 
always overestimates the bending moments 
in the joint; Janssen’s model underestimates 
the bending moments under higher axial 
forces. Under lower axial forces, Janssen’s 
model predicts larger bending moments 
before the joint opens. For the Janssen’s 
and Gladwell’s models, axial force N has 
no effect on the initial bending stiffness ki, 
which is not in conformity with real behav-
iour of segment joints. From these com-
parisons, it appears that our model predicts 
the M-θ behaviour more accurately than 
Janssen’s and Gladwell’s models.

The axial force N has significant effects 
on the M-θ relation of the joint. The initial 
bending stiffness ki increases with N, espe-
cially when N is relatively low. The plastic 
moment capacity of the joint Mp grows 
under larger values of N.

The N – Mp relation is almost linear 
(see Figure 17), which is in accordance with 
the proposed model.

conclusions
Bolted connections in segmental linings 
were regarded as semi-rigid connections in 
establishing a physically based mathematical 
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model expressed by the joint dimensions 
and material properties. This model allows 
the M-θ behaviour of segment joints to be 
predicted.

The model parameters were evaluated, 
and M-θ curves for the joint were presented. 
The calculation process allowed us to iden-
tify the key factors that influence the model 

parameters. The segment thickness h has 
a significant impact on the initial bending 
stiffness ki. As h increases, the initial bend-
ing stiffness ki also increases. The plastic 
moment capacity of the joint increases Mp 
approximately linearly with increases in N.

The critical mechanical behaviour of 
the model was revealed by the physically 

based parameters. With regard to critical 
points of the M-θ curve, the parameters 
Mp and Md accurately reflect the mechani-
cal behaviour of the joints. With the help of 
a decay parameter C, the proposed model 
was shown to be consistent with experi-
mental test data.
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From Equations 15, 17a, 17b and 18 we obtain:
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Substituting Equation A1 into A2 yields:
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Then:

Mp =  2.99 × 10–4 + (5 625 – 1.66  
× 10–3)X – 0.25X2 (A5)
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introduction
Field compaction is an integral part of 
every civil engineering construction 
in general and for the construction of 
earth structures in particular. Relative 
compaction and relative density are two 
parameters which can be used alternately 
when writing technical specifications 
for field compaction control. In order to 
ascertain the degree of compaction in 
the field, usually relative compaction (Rc) 
is determined. The concept of relative 
density (Dr) has been found to be a more 
convenient basis for correlating many 
granular soil properties, such as shear 
strength, compressibility and liquefaction 
potential of saturated sands (Lee & Singh 
1971). Relative compaction is defined as 
the ratio between the dry unit weight in 
the field (γdf ) and the maximum dry unit 
weight (γdmax) that can be obtained in the 
laboratory for a soil following a specified 
compaction procedure, and is mathemati-
cally given by Equation 1.

Rc = 
γdf

γdmax
 (1)

Relative density (Dr) represents the degree 
of compaction of soil with respect to the 
most dense and loosest states as measured 
in the laboratory. Dr as defined by the 
American Society for Testing and Materials 
(ASTM 2007), is evaluated by Equation 2.

Dr = 
γdmax

γdf

⎫
⎪
⎭

γdf  – γdmin

γdmax – γdmin

⎫
⎪
⎭
 (2)

Where: γdmax and γdmin are determined 
through laboratory tests (ASTM D-4253 
and ASTM D-4254 respectively) and γdf  are 
applicable to granular soils having fines up 
to 15%, and is the dry unit weight of the 
compacted soil in the field. However, Lee 
and Singh (1971) defined maximum dry 
unit weight (γdmax) as the dry unit weight 
of the material when arranged in the most 
compact state possible by any practical 
engineering methods without significantly 
altering the grain size distribution, and 
minimum dry unit weight (γdmin) as the 
unit weight of the material when arranged 
in the loosest state possible by any practical 
engineering methods without the use of 
natural or artificial methods to increase 

laboratory and field 
investigations in granular 
soils to correlate relative 
density, relative compaction 
and grain size
H Mujtaba, K Farooq, N Sivakugan, B M Das

An attempt has been made to correlate relative density and relative compaction based on 
laboratory and field test data. In this investigation, 185 sandy soil samples were tested in the 
laboratory. The experimental investigations include classification tests, maximum and minimum 
density tests, and standard and modified Proctor and in-situ density tests. The values of the dry 
unit weight of these samples obtained by performing different tests fall between 14.7 kN/ m3 
and 20.8 kN/ m3. Based on these results, linear and multivariate regression analyses were 
carried out to (a) relate relative compaction and relative density, (b) relate maximum (emax) and 
minimum void ratios (emin), and (c) express emax and emin in terms of median grain size (D50) 
and uniformity coefficient (Cu). Experimental and predicted values varied ± 5%, with a 95% 
confidence interval for the relation between relative compaction and relative density, and for 
other relations the variation was ± 10%. The proposed equations were validated using a new 
data set which had not been used for the development of the correlations. Proposed equations 
were also compared with equations presented by various other researchers. Validation of the 
proposed equations suggests that these equations may be used for future prediction of the 
respective variables.
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the adhesion between particles and lead to 
bulking. Based on these definitions, they 
assumed that the values γdmax in Equations 
1 and 2 are the same for a granular soil 
irrespective of the test method being 
adopted to determine γdmax. They also 
proposed a correlation between relative 
density and relative compaction for granu-
lar soils varying from silty sand to coarse 
gravels as given in Equation 3.

Rc(%) = 0.2Dr(%) + 80 (3)

Both relative density and relative compac-
tion theoretically range from 0% to 100%. 
Zero percent relative compaction refers 
to zero dry density, which is physically 
meaningless. Zero percent relative density 
refers to a real and substantial value of 
dry unit weight. Thus, the term relative 
density covers a narrower range of possible 
numerical values than relative compaction, 
and is therefore considerably more sensitive 
to small changes in actual dry densities. 
Relative compaction is an indicator wheth-
er the required degree of field compaction 
has been achieved or not, as per project 
specifications. The concept of relative com-
paction is applicable to both cohesive and 
non-cohesive soil, while relative density 
(Dr) is more appropriate for end-product 
compaction specification for granular soils. 
Tavenas and Rochelle (1972) suggested that 
it is difficult to ensure that maximum and 
minimum dry unit weights (determined by 
experiments) correspond effectively to the 
maximum and minimum possible state of 
compactness of the material considered. If 
Dr is negative, a collapsible structure may 
be present, such as can occur with honey-
combed soils or loose cemented or calcare-
ous sand where in-situ dry unit weight 
is smaller than the minimum dry unit 
weight of the soil encountered (Kulhawy & 
Mayne 1990).

The determination of in-situ void ratio 
of sandy soils is very difficult, because to 
obtain undisturbed samples in sandy soils 
using conventional methods is not possible. 
Equation 4 can be used to estimate the 
in-situ void ratio from the results of relative 
compaction.

ef = ⎫
⎪
⎭

Gsγw

γdf

⎫
⎪
⎭
 – 1  (4)

Sand has particles varying in size between 
4.75 mm to 0.075 mm (ASTM D 2487). The 
behaviour of sandy soils depends largely 
on grain size distribution, grain shape, 

angularity, mineralogy, relative density, 
mode of deposition and current state of the 
deposit in which it is present. Cubrinovski 
and Ishihara (2002) observed that the 
generalised charts which are used to 
estimate the response of sandy soils based 
on material parameters use either fine 
content (percentage finer than 0.075 mm, 
ASTM D 2487) present in the sample and/
or median grain size (D50). In these charts, 
sand with the same amount of fines has 
been assumed to have similar response to 
any loading condition, but practically it is 
not true, as response depends mainly upon 
grain size distribution, shape, mineralogi-
cal composition, etc. However, they showed 
that void ratio range (emax – emin) may 
be a better parameter than considering 
fines, uniformity coefficient, curvature 
coefficient, etc. The Japanese Geotechnical 
Society (JGS 2000) procedure can be 
employed to determine the void ratios 
for clean sands having less than 5% fines. 
However, Cubrinovski and Ishihara (2002) 
revealed that the JGS procedure can be 
applied to material having fines up to 30%. 
Lade et al (1998) summarised the studies 
of Graton and Fraser (1935), White and 
Walton (1937) and McGeary (1961), and 
presented five possible modes of packing 
single-size spherical particles, along with 
the void ratio for each type of packing. 
They concluded that maximum and mini-
mum void ratios are independent of the 
size of the sphere. Lade et al (1998) studied 
the behaviour of poorly graded Cambria 
sand mixed with non-plastic Nevada fines. 
They concluded that both emax and emin 
decrease as the fines increase from 0% to 
20%. Within the range of 20% to 40% fines, 
the relationships show a shift in pattern 
indicating a transition from the filling of 
voids to the replacement of solids. After 
40%, the void ratio values tend to increase 
steadily until they reach the highest value 
at 100% fines. It should be mentioned that 
the variation of emin with fines closely 
resembles that of the packing of spheres. 
The reason for this similarity is that a 
sample consisting of a mixture of sand and 
fines, and a sample consisting of spheres 
having large and small diameters are both 
gap-graded. Cubrinovski and Ishihara 
(2002) studied the link between void ratio 
range and fines content. As far as clean 
sand, or sand with fines, is concerned, 
there is an increase in void ratio range as 
fines increase from 0% to 30%. However, 
after 30% fines, there is a change of pattern 
in the relationship between the void ratio 

range (emax – emin) and the fines (Fc). For 
Fc < 30%,

emax – emin = 0.43 + 0.00867Fc(%) (5)

Equation 5 applies to situations where any 
addition of fines fills the voids. If Fc < 30%, 
addition of fines leads to replacement of 
larger particles. Here,

emax – emin = 0.57 + 0.004 Fc(%) (6)

The reasons for the change in the behav-
iour of sand with 30% fines, compared 
to sand having 0% to 20% fines, is that, 
for sands having 30% fines, the fines are 
controlling the grain fraction in the soil 
structure, whereas for sands having 0% 
to 20% fines, the packing is controlled by 
sand grains. However, the role of fines in 
the very dense packing state is different 
from the role of fines in the loosest state 
of packing.

Youd (1973) presented a relationship for 
emax and emin as a function of roundness 
(R), i.e. shape of the particle and uniformity 
coefficient (Cu). Roundness (R) is the 
ratio of the average radius of the corners 
and edges to the radius of the maximum 
inscribed sphere. These relations are valid 
for normal to moderately skewed grain size 
distribution curves. Shimobe and Moreto 
(1995) determined the variation of emax 
with (R) for 40 uniform clean sands having 
a uniformity coefficient less than or equal 
to 2 (Cu ≤ 2). The experimental range of 
emax with R is given by Equation 7.

emax = 0.642R–0.354 (7)

Miura et al (1997) carried out research 
on the physical characteristics of about 
200 samples of granular materials, which 
included clean sand, glass beads and light-
weight aggregates. Based on the data avail-
able, linear regression analysis was carried 
out and the following equation (Equation 8) 
was proposed:

emax = 1.62emin (8)

Cubrinovski and Ishihara (2002) collected 
data consisting of over 300 sandy soil 
samples including clean sand, clean sand 
with fines, and silty sands, and divided 
them based on the amount of fines (Fc) and 
clay size content (Pc). Fc represents grain 
sizes smaller than 0.075 mm, whereas Pc 
is the percentage of grains smaller than 
0.005 mm. To investigate the effect of 
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fines on emax and emin, regression analysis 
was carried out on all four groups and 
equations, i.e. Equations 9 to 12 (one for 
each group). The strength of relationship 
between the two variables is specified 
statistically by the correlation coefficient 
(r), and its value is .97, .94, .96 and .90 for 
Equations 9 to 12, respectively.

a. Clean sand (Fc = 0–5%)
 emax = 0.072 + 1.53emin (9)

b. Sand with fines (5 < Fc ≤ 15%)
 emax = 0.25 + 1.37emin (10)

c. Sand with fines and clay (15 < Fc ≤ 30%, 
Pc = 5–20%)

 emax = 0.44 + 1.21emin (11)

d. Silty soils (30 < Fc ≤ 70%, Pc = 5–20%)
 emax = 0.44 + 1.32emin (12)

Cubrinovski and Ishihara (2002; 1999), 
based on a large database, developed a 
unique relationship between void ratio 
range (emax – emin) and mean grain 
size (D50). This relationship is given by 
Equation 13 as:

emax – emin = 0.23 + 
0.06

D50(mm)
 (13)

They also proposed the upper and lower 
limits of (emax – emin) as a function of D50 
which can be approximated by Equations 
14 and 15, respectively.

Upper limit:

emax – emin = 0.16 + 
0.045

D50(mm)
 (14)

Lower limit:

emax – emin = 0.29 + 
0.079

D50(mm)
 (15)

Patra et al (2010) conducted Proctor com-
paction tests (standard, modified Proctor 
following ASTM D 698 and ASTM D 1557 
along with reduced standard, reduced 
modified compaction tests by altering 
the number of blows per layer using the 
relevant Proctor hammer) on 55 clean sand 
samples – most of which were poorly grad-
ed. They also determined emax and emin 
based on ASTM procedures. Compaction 
tests including standard Proctor 
(compaction energy = 600 kN-m/ m3), 
reduced Proctor (compaction energy = 
360 kN-m/ m3), modified Proctor (compac-
tion energy = 2 700 kN-m/ m3) and reduced 

modified Proctor (compaction energy = 
1 300 kN m/ m3) were also carried out on 
these samples. Based on the laboratory 
tests, emax and emin and void ratio at maxi-
mum dry unit weight determined through 
respective compaction tests, as mentioned 
above, are expressed as a function of D50 in 
Equations 16 to 21. Correlation coefficients 
of these equations are .87 ~ .92.

emax = 0.6042D50
–0.304 (16)

emin = 0.3346D50
–0.491 (17)

es = 0.4484D50
–0.356 (18)

em = 0.3825D50
–0.04 (19)

ers = 0.5039D50
–0.327 (20)

erm = 0.4087D50
–0.389 (21)

Where: D50 is in mm, es = void ratio at 
maximum dry unit weight from standard 
Proctor, em = void ratio at maximum dry 
unit weight from modified Proctor, ers = 
void ratio at maximum dry unit weight 
from reduced standard Proctor, erm = void 
ratio at maximum dry unit weight from 
reduced modified Proctor.

McCook (1996) developed the correla-
tion between a one-point standard Proctor 
test performed on air-dry sand and a 
relative density test for 29 filter sands. The 
basic purpose was to relate the maximum 
density test with an easy-to-perform field 
test to determine the dry densities for 
clean granular sands. He presented two 
equations to estimate 50% and 70% relative 
density from a one- point field test. These 
equations are presented here by Equations 
22 and 23. The correlation coefficient (r) is 
.97, with a standard error of estimate (SEE), 
i.e. the square root of average squared 
deviation is 0.3 kN/ m3 for Equation 22, and 
0.28 kN/ m3 for Equation 23.

γDr=50% = 1.07γd1pt – 1.96 (22)

γDr=70% = 1.073γd1pt – 1.484 (23)

Where: γDr=50% is the dry unit weight at 
50% relative density, γDr=70% is the dry unit 
weight at 70% relative density and γd1pt is 
the field air-dry unit weight measured in 
kN/ m3 by compacting air-dry sand in a 
standard Proctor mould having a volume 
of 944 cm3, using three lifts, with a 2.5 kg 
hammer dropped 305 mm for 25 blows 
per lift.

Mujtaba and Farooq (2010) carried 
out index density tests and compaction 
tests (both standard Proctor and modified 
Proctor) on sandy soils. Based on the com-
paction test results, they calculated relative 
compaction separately for standard Proctor 
and modified Proctor, and correlated 
relative compaction with relative density. 
The two equations proposed by them for 
standard Proctor and modified Proctor, 
respectively, are presented in Equations 24 
and 25.

Rc = 0.13Dr (%) + 86.5 (24)

Rc = 0.13Dr (%) + 79.4 (25)

Based on the above preview, it can be 
inferred that grading parameters includ-
ing uniformity coefficient, roundness, 
grain size distribution and fines have a 
significant influence on the maximum and 
minimum void ratios of granular soils in 
combination with mineralogical composi-
tion, mode of deposition and origin of the 
respective soils. Also, there is a need to 
correlate relative density and relative com-
paction, irrespective of the errors involved 
in measuring maximum and minimum dry 
unit weight for granular soils.

in-situ and laboratory tests
The test results of the 185 samples, includ-
ing natural and reconstituted samples 
belonging to classification groups SP, 
SP-SM, SW and SW-SM, were used for 
the development of correlations between 
relative compaction and relative density, 
maximum and minimum void ratios, and 
gradational parameters versus void ratios. 
The selected sand samples were subjected 
to the following tests following ASTM 
standards (ASTM 2007):

 Q Grain size analysis (ASTM D-422)
 Q Specific gravity test (ASTM D-854)
 Q Atterberg’s limit test (ASTM D-4318)
 Q Standard and modified Proctor compac-

tion test (ASTM D-698 and ASTM 
D-1557)

 Q Index density test (ASTM D-4253 and 
ASTM D-4254)

 Q In-situ density test (ASTM D- 1556)
The void ratios corresponding to maxi-
mum and minimum index unit weights 
(γdmax and γdmin respectively) were calcu-
lated using Equations 26 and 27.

emax = ⎫
⎪
⎭

Gsγw

γdmin

⎫
⎪
⎭
 – 1 (26)
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emin = ⎫
⎪
⎭

Gsγw

γdmax

⎫
⎪
⎭
 – 1 (27)

test results
The test data of 165 samples was used for 
the development of correlations, whereas 
data of 20 samples was used for validation 
of the correlation. Figure 1 shows the grain 
size distribution (GSD) curves for all the 
samples and Figure 2 shows the range of 
γd obtained through index density tests, 
standard Proctor and modified Proctor. 
General findings listed below are made on 
the basis of Figures 1, 2 and 3.

 Q All the selected samples are sandy in 
nature, ranging from coarse to fine 
sand. The median grain size (D50) of 
all samples is in the range of 2.5 mm to 
0.15 mm, with an average of 0.6 mm, 
and the standard deviation, which is the 
amount of dispersion within the D50 
dataset, is 0.49. The effective grain size 
(D10) varies from 0.5 mm to 0.075 mm, 
with an average of 0.13 mm and a stand-
ard deviation of 0.05 mm.

 Q The sand content is between 80% and 
100% in the samples used in this study, 
whereas gravel (percent retained on 
US # 4, R4) varies from 0% to 20% and 
fines (percent passing US # 200, F200) 
present in the samples are in the range of 
0% to 12% according to ASTM D 2487.

 Q Based on the results of grain size distri-
bution curves, grain sizes corresponding 
to 60%, 30% and 10% passing (D60, D30 
and D10 respectively) were determined. 

The uniformity coefficient ⎫
⎪
⎭
Cu = 

D60

D10

⎫
⎪
⎭ 

varies from 1.42 to 14.0. The average 
value of Cu is 4.5 and its standard 
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deviation is 6.1%. The curvature coef-

ficient 
⎫
⎪
⎭ 
Cc = 

D30
2

D60 ∙ D10

⎫
⎪
⎭
 is in the range of 

0.22 to 2.82, with a standard deviation 
of 1.0 and an average of 1.1.

 Q Fines in all the samples are less than 
12% and are non-plastic in nature.

 Q Specific gravity of the samples is in the 
range of 2.50 ~ 2.76, with an average 
value of 2.65.

 Q All the samples are classified accord-
ing to the Unified Soil Classification 
System (USCS) as described in ASTM 
D-2487. These samples are classified as 
well-graded sand (SW), poorly graded 
sand (SP), poorly graded sand with silt 
(SP-SM), and well graded sand with silt 
(SW-SM). Of the total samples tested 
48% belong to the SP classification 
group, 40% are SP-SM samples, while 
representation of SW and SW-SM 
groups is 6% each in the tested samples.

 Q The maximum dry unit weight (γdmax) 
corresponding to modified compaction 
tests is in the range of 15.7 ~ 20.4 kN/ m3 
as shown in Figure 2, whereas optimum 
moisture content (OMC) ranges from 
9% to 12%. Similarly, for standard 
compaction tests, compaction param-
eters, i.e. γdmax, are in the range of 
14.7 ~ 19.5 kN/ m3, and OMC between 
12 ~ 15.5%.

 Q The value of minimum dry unit weight 
(γdmin) determined through minimum 
density tests (ASTM D-4254) varied 
between 12.5 ~ 16.5 kN/ m3, and the 
value of maximum dry unit weight 
(γdmax) determined through maximum 
density tests (ASTM D-4253) varied 
between 15.7 ~ 20.8 kN/ m3 as presented 
in Figure 2. Maximum and minimum 
density tests were repeated thrice on 
each sample, and average values of γdmin 
and γdmax were reported. However, vari-
ation in the values of γdmin and γdmax 
are of the order of ± 0.5 kN/ m3 and 
± 0.3 kN/ m3, respectively. The values 
of maximum and minimum void ratios 
(emax and emin) are determined through 
Equations 26 and 27. The value of emax 
varies from 0.47 to 1.08 and emin from 
0.67 to 0.24.

 Q Field density tests (FDT) were performed 
in the bed of River Ravi (Pakistan) using 
the sand-cone method with a 10.16 cm 
diameter cone. Uniformly graded sand, 
passing from sieve # 25 and retained on 
sieve # 52 and having a dry unit weight 
of 13 kN/ m3, was used in performing the 
tests. Five test pits were excavated up to a 

depth of 1.0 ~ 1.5 m. The water table was 
encountered at a depth of 1.2 ~ 1.6 m 
in these test pits. FDT was performed 
at 0.3 m intervals in each test pit, the 
depth of the test hole for each FDT 
point was 10 cm, and the diameter of 
the hole was 10.16 cm. The in-situ densi-
ties thus determined varied between 
13.6 ~ 19.2 kN/ m3 and the natural mois-
ture content varied between 5% and 22%.

 Q Values of relative compaction at zero 
relative density, i.e. ratio of minimum dry 
unit weight (γdmin) and maximum dry 
unit weight (γdmax), determined through 
index density tests, were computed for 
each data set and are presented graphi-
cally in Figure 3. The mean value of rela-
tive compaction at zero relative density 
for this data set is 83.

develoPMent of 
correlations
Data analyses were carried out, and based 
on this, correlations between relative densi-
ty and relative compaction, maximum and 
minimum void ratios, material parameters 
and void ratios have been proposed, which 
are presented in the following section.

correlation between relative 
density and relative compaction
Relative compaction and relative density 
were calculated by Equations 1 and 2 
respectively, and correlation between 
them is proposed. The value of γdmax in 
Equations 1 and 2 was determined by 
performing maximum index density tests 

following the procedure given in ASTM 
D 4253, whereas γdmin was determined by 
minimum index density tests adopting 
ASTM D 4254. The approach to determine 
dry unit weight is based on the findings of 
Tavenas and Rochelle (1972). They reported 
that the limiting state of compactness 
can be defined either by measuring the 
real maximum and minimum densities of 
a given material by experimenting with 
every possible compaction technique, or 
be selecting one particular compaction 
procedure and declaring the state of com-
pactness as limiting even if they are not 
necessarily limiting. The second approach 
is adopted here to determine the dry unit 
weight of the samples, and using these 
values, correlation is proposed. Parameter 
γdf  in Equations 1 and 2 is in-situ dry unit 
weight and is not measured practically 
at this stage; its value is rather taken as 
equal to dry unit weight, as determined 
by performing the Proctor test (standard 
and modified) in the laboratory on all 
samples, and corresponding relative com-
paction and relative density are calculated. 
Similarly, Rc and Dr are also calculated by 
taking γdf  equal to 95% of standard and 
modified Proctor density for each test 
sample. Also, it is considered that if the 
soil is in its loosest state, γdf  will be equal 
to minimum dry unit weight (γdmin) and 
its ef  will be equal to maximum void ratio 
(emax). For this loosest state of the in-situ 
soil, both relative density (Dr, i.e. zero at 
loosest state) and relative compaction (Rc) 
have been calculated. Linear regression 
analysis was performed on this data set, 
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and the equation between relative density 
and relative compaction was formulated. 
Regression analysis technique was used 
to calibrate the correlation, and the val-
ues of coefficients for input and output 
parameters were determined. Analysis of 
variance (ANOVA) was also carried out to 
determine F-statistics for output param-
eters and t-statistics for input parameters. 
F-statistics represent the overall predictive 
capability of the model by considering the 
combined effect of all the variables present 
within the model, and t-statistics is the 
ratio between the difference between two 
groups and the difference within the group, 
and is accompanied by a p-value which 
shows the probability that the results of the 
dataset occurred by chance. Low p-values 
indicate that the results do not occur by 
chance. Coefficient of determination (R2) is 

equal to the percentage of variation in the 
dependent variable that can be explained 
by the independent variable. The final best 
fit correlation is given by Equations 28.

Rc = 0.17Dr (%) + 83 (28)

The regression statistics for Equation 28 
are: r (824) = .94; t (824) = 681; p < .001. A 
significant regression equation was found: 
(F (1), 824) = 5818, p < .001 with R2 = .88, as 
well as true difference between the means, 
with a 95% confidence interval = (16.85, 
17.20) for relative density and (82.9, 83.45) 
for intercept. The r value of .94 and R2 of 
.88 for Equation 28 is rated as a reasonable 
correlation coefficient in geotechnical 
engineering. The variation between experi-
mental and predicted values of the output 
parameter is a standard error of estimate 

(SEE) and its value is 2.11 for Equation 28, 
which is quite low, indicating the good 
prediction capability of the model. The 
model F value for Rc is greater than critical 
F, indicating that Equation 28 is significant. 
Similarly, absolute t-statistics for input 
parameters is greater than the t-significance 
of the model. Equation 28 is presented in 
graphical form in Figure 4. From Figure 4 it 
is clear that when relative density (Dr = 0) 
is zero, the relative compaction (Rc) varies 
between 74% ~ 88% with an average of 
83%. This larger spread in values of relative 
compaction at zero relative density may be 
due to errors, as explained by Tavenas and 
Rochelle (1972), in determining the values 
of γdmin and γdmax, and their corresponding 
effect on relative compaction, plus change in 
the gradation and different specific gravity 
values of the tested samples. However, it is 
difficult to fix the real contribution of each 
above-mentioned fact (i.e. dry unit weight, 
change in gradation and specific gravity) in 
the variation of Rc corresponding to zero 
Dr. This implies that when the soil is placed 
in its loosest state, its relative density is 
zero, whereas its average value of relative 
compaction is 83%. This finding is in good 
agreement with Lee and Singh (1971) who 
noted that when Dr is zero, then Rc is equal 
to 80%. It is also inferred from Equation 28 
that a one-point variation in relative com-
paction is equivalent to a six-point variation 
in relative density, whereas a 1 percent 
change in relative compaction value is 
equivalent to a 5 percent change in relative 
density in the Lee and Singh (1971) equa-
tion, indicating that Equation 28 is more 
sensitive. The major advantage of writing a 
technical specification in terms of Dr rather 
than Rc is that it magnifies the values and 
thus automatically emphasises the impor-
tance of small variations from the specified 
values. A small variation in the value of 
Dr may be significant when studying the 
liquefaction potential of granular soil during 
earthquakes. The limitation of the proposed 
Equation 28 is in line with the Tavenas and 
Rochelle (1972) observation that an error 
in computing Dr is a function of errors in 
measuring γdmin, γdmax and γdf . Most of the 
varying errors occurring during measure-
ment of the desired parameters (γdmin, γdmax 
and γdf ) are due to the measuring technique 
being used by different persons performing 
the experiments. Although these errors may 
be small, they have a significant effect on 
the Dr values.

Figure 5 represents the extent of dif-
ference between experimental data and 
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predicted values, using Equation 28. These 
plots show that the prediction accuracy of 
the relation is within ± 5% for Rc (%) with 
a 95% confidence interval. It can also be 
observed from Figure 5 that, when soil is 
in the loosest state, the predicted value of 
relative compaction value is 83.0, as cal-
culated using Equation 28, but practically 
experimental values of relative compac-
tion at the loosest state are different due 
to changes in grain size distribution and 
errors in measuring the unit weights, indi-
cating the non-applicability of Equation 28 
when the soil is in its loose state. However, 
when the in-situ density of soil is more 
than its loosest state, the variation between 
experimental versus predicted values is 
quite reasonable, justifying the use of this 
equation for practical purposes.

validation of relation between 
relative density and relative 
compaction (equation 28)
Development of any predictive model is 
followed by its validation by some inde-
pendent data that had not been used for the 
development of the model. In this study, 
subsequent to the model formulation, five 
test pits were excavated in the bed of River 
Ravi (Pakistan) and field density tests were 
performed using the sand replacement 
technique. The in-situ density at various 
depths in each test pit was determined. 
Samples were also collected from each 
test point and brought to the geotechnical 
engineering laboratory, where index density 
tests were conducted on these samples. 
This test data was used for the validation 
of Equation 28. The experimental values 
of Rc of these samples were plotted against 
the predicted values using Equation 28 and 
are shown in Figure 6. A variation of ± 5% 
was observed between the predicted and 
experimental values of Rc . The empirical 
relationship developed by the Lee and 
Singh (1971) equation was also used to 
predict relative compaction and plotted 
against experimental values of Rc . It was 
observed that both equations overesti-
mated relative compaction values, as they 
were plotted above the 1:1 line in Figure 6. 
However, all the predictions by the Lee 
and Singh (1971) equation and Equation 28 
fall within the limits of ± 5%. By careful 
scrutiny of Figure 6, it can be observed that 
when soil is between the loose to medium 
dense state, i.e. relative compaction of the 
soil is between 80% ~ 93%, the difference 
in the predicted values of Rc by both the 
equations is within 2% ~ 3%. However, this 

difference diminishes when the subsoil 
conditions are dense to very dense, or when 
the relative compaction value is between 
93% and 100%. The probable reasons for 
this difference in predicted values of rela-
tive compaction are errors in measuring 
dry unit weights plus the difference in 
the intercept of these equations, which is 
more dominating when the soil is between 
loose to medium dense. This indicates that 
Equation 28, as proposed in this research, 
and the Lee and Singh (1971) relation can 
be used effectively to correlate relative 
density and relative compaction.

correlation between maximum 
and minimum void ratios
Regression analysis was carried out on 
the test data to relate the maximum and 

minimum void ratios. It was observed that 
linear correlation exists between maximum 
and minimum void ratios, and is given by 
Equation 29. Experimental and predicted 
values of emin by Equation 29 are plotted in 
Figure 7 using the data set. It is observed 
that variation in measured and predicted 
values of void ratios is within ± 10%.

emax = 0.21 + 1.23emin (29)

The regression statistics for Equation 29 
are: r (164) =.95; t (164) = 13.2; p < .001. 
A significant regression equation was 
found: (F (1), 164) = 1665, p < .001 with 
R2 = .91. The lower and upper limit of 
intercept at a 95% confidence interval is 
.16 ~ .22 for intercept, and that of emin 
is between 1.20 ~ 1.32. These regression 
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statistics indicate that the correlation 
between maximum and minimum void 
ratio is significant. R2 for Equation 29 is .91, 
indicating that only 9% of the variation in 
the values of emax was not accounted for by 
the regression.

validation of the relation 
between maximum and minimum 
void ratios (equation 29)
In this study, after the formulation of cor-
relation between maximum and minimum 
void ratios, a new set of twenty soil samples 
which had not been used in the model 

development, were tested in the labora-
tory for the validation of the correlation. 
Experimental values of minimum void 
ratio (emin) are plotted against the values 
predicted by Equation 29 and are shown in 
Figure 8. It is observed that all the predict-
ed values fall within ± 10% of the measured 
values. The empirical relationship devel-
oped by Cubrinovski and Ishihara (2002) 
and Miura et al (1997) are also used to pre-
dict minimum void ratios of these twenty 
samples, and are also presented in Figure 8. 
For emin, six out of 20 observations 
fall outside the limit of ± 10% by using 

Cubrinovski and Ishihara (Equations 9 and 
10), while predictions using the Miura et 
al equation falls within the ± 10% limit. 
The probable reason for this variation 
in prediction by the Cubrinovski and 
Ishihara equation is that the test procedure 
being employed in the present research 
(Equation 29) in determining emin is based 
on the ASTM standard, whereas the 
Cubrinovski and Ishihara equation is based 
on the Japanese Geotechnical Standard. 
Therefore, caution is needed when apply-
ing their equations (Equations 9 to 12) to 
estimate emin or emax .

correlation between gradational 
parameters and void ratios
Multivariate regression analysis was 
carried out using Statistical Product and 
Service Solution (SPSS) software on the 
data to develop a predictive model between 
gradational parameters and voids. The 
input parameters used for regression were 
median grain size (D50), effective grain 
size (D10), uniformity coefficient (Cu), 
curvature coefficient (Cc) and specific 
gravity (Gs). Stepwise regression analysis 
was carried out, and out of the five above-
mentioned parameters, median grain 
size (D50) and uniformity coefficient (Cu) 
passed the F-test and t-test with a 95% con-
fidence interval. These relations are pre-
sented in Equations 30 and 31 respectively. 
The experimental versus predicted values 
of void ratios are presented in Figure 9. 
The variation between experimental versus 
predicted values falls within ± 10%.

emin = 0.24 + 
0.033

D50
 + 

0.370

Cu
 (30)

emax = 0.48 + 
0.072

D50
 + 

0.306

Cu
 (31)

The R values of 0.90 and 0.92 for 
Equations 30 and 31 thus obtained as a 
result of regression analysis by SPSS are 
rated as reasonable correlation coefficients 
in geotechnical engineering. SEE values 
of 0.06 and 0.06 for Equations 30 and 31 
are very low, representing good prediction 
capability of the models. Analysis of vari-
ance (ANOVA) was also carried out by 
SPSS software.

Regression statistics for Equation 30 
are (F (2 162) = 339.70; p < .000; with 
R2 = .81; t (162) = 13.05, 14.75; p < .000 

for 
1

D50
 and 

1

Cu
, respectively. Similarly, 
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for Equation 31 regression statistics are 
(F (2 162) = 438.03; p < .000 with R2 = .85; 
t (162) = 20.64, 10.27; p < .000 for  

1

D50
 and 

1

Cu
, respectively. Based on these 

statistical results, it is evident that both 
independent variables (Cu and D50) are 
significant predictors of emax and emin. 
Furthermore, this suggests that a slight 
change in Cu and D50 values have a marked 
effect on emax and emin. Also, it can be 
inferred from Equations 30 and 31 that 
emax and emin are inversely proportional to 
median grain size and Cu . Void ratios pre-
dicted using Equations 30 and 31 decrease 
as the median grain size increases and den-
sity increases. However, it is known that, as 
median grain size increases, it leads to seg-
regation of the aggregates, resulting in loos-
er packing compared to a smaller median 
size, which would lead to denser packing. 
This is the limitation of these equations, 
and it may be catered for by the fact that 
these equations are valid for median grain 
sizes ranging between 0.2 mm and 2.8 mm. 
These equations would not be reliable to 
estimate void ratios for samples compris-
ing bigger-sized particles (D50 > 3 mm). 
Secondly, fractions of the material bigger 
than the diameter of the soil at 60% passing 
(D60) have no role in the prediction of emax 
and emin using Equations 30 and 31, but in 
practice bigger-sized particles may lead to 
more voids if not properly packed, resulting 
in lesser densities compared to medium 
or smaller-sized particles which may have 
uniform packing.

validation of correlation between 
grain size parameters and void 
ratios (equations 30 and 31)
After the formulation of correlations 
between gradational parameter and void 
ratios, a new set of 20 soil samples were 
tested in the laboratory, and their results 
were utilised for the validation of the cor-
relations. Experimental values of void ratios 
were plotted against predicted values using 
Equations 30 and 31. It was observed that 
all the estimations fell within ± 10% limits 
and are shown in Figure 10. The empiri-
cal relationship developed by Patra et al 
(2010) was also used to predict void ratios 
for these 20 samples. The comparison 
of experimental versus predicted values 
is also presented in Figure 10. It can be 
inferred from Figure 10 that the Patra et 
al (2010) equation overestimates emin by 
about 15%. However, for emax five out of 20 
predictions fall outside the ± 10% limits. 

The probable reason for the estimation 
variation by Patra et al (2010) may be that 
it depends on only one parameter (median 
grain size), and therefore does not reflect 
the full representation of the grain size 
distribution curve.

field iMPlication of the 
ProPosed Models
Three models (relations between relative 
density and relative compaction, maximum 
versus minimum void ratio, and gradation-
al parameters versus maximum and mini-
mum void ratios) have been presented in 
this research. These models are very useful 
in estimating various properties based on 
grain size or index density tests for granu-
lar soils, which are normally recommended 
to be used in road construction or as a 
backfill material. However, these equations 
have a few limitations and cannot be used 
for soil possessing more than 20% gravels, 
or soils with fines greater than 15%. The 
estimation in this case may be misleading. 
Secondly, the uniformity coefficient is the 
ratio of two grain sizes, and different soils 
with different grain sizes may have the 
same Cu values, but their corresponding 
void ratios may be different, which could 
be misleading. However, for prediction 
purposes and for the sake of simplicity, the 
proposed models may be very appealing.

conclusions
A simple linear correlation between rela-
tive density and relative compaction has 

been proposed, based on a large amount 
of experimental data, followed by proper 
validation. Linear and multiple regression 
analyses were carried out on the same 
data set to relate emax and emin and to 
the parameters Cu and D50. The validity 
of these correlations was verified using 
an independent data set along with the 
comparison of the proposed models with 
similar correlations presented by other 
researchers. The following conclusions 
were made from the research.

 Q Based on extensive data of compaction 
tests including both standard and modi-
fied Proctor and relative density tests, 
correlation between relative density and 
relative compaction has been developed 
as given below:

 Rc = 0.17Dr (%) + 83.

 Q  It is inferred from the results of relative 
density and relative compaction that, 
when sandy soil is in its loosest state, 
its relative density is zero, whereas its 
relative compaction is 83%. Also, it can 
be concluded that Rc predicted by the 
proposed equation and Lee and Singh 
(1971) fall within ± 5% with a 95% confi-
dence interval indicating the applicabil-
ity of both these equations for Pakistan’s 
local sands having non-plastic fines up 
to 10%.

 Q There is a linear relationship between 
the maximum and minimum void ratio 
of sandy soils. The maximum void ratio 
can be estimated using the correla-
tion emax = 0.21 + 1.23emin with a 95% 
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confidence interval. The experimental 
versus predicted values of emin fall with-
in ± 10% with a 95% confidence interval.

 Q Based on the grain size data of the test 
specimens and the index density test 
data, maximum and minimum void 
ratios can be predicted using the follow-
ing relations:

 
emin = 0.48 + 

0.072

D50
 + 

0.306

Cu

 
emin = 0.24 + 

0.033

D50
 + 

0.370

Cu

The prediction accuracy of the above-
mentioned correlations is within ± 10% 
with a 95% confidence interval.
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introduction
Liquefaction of saturated cohesionless 
soils as a result of earthquake-induced 
ground shaking is a major concern for 
structures constructed within or on these 
soils. During an earthquake, shear waves 
propagate through the ground, generating 
shear stresses and strains that are cyclic in 
nature, causing the soil grains to re arrange 
into a denser state of packing. This process 
is too rapid for the drainage to occur, 
which results in an increase in pore water 
pressure and a decrease in effective stress 
and shear resistance of the soil. The 
various forms of unstable behaviour of 
saturated sands during earthquakes are 
typically all described by the general term 
liquefaction. However, a distinction needs 
to be made between the different forms 
of liquefaction, namely flow liquefaction, 
cyclic mobility and cyclic liquefaction.

Flow liquefaction describes the 
un drained flow of saturated, loose contrac-
tive sands when the static shear stress 
surpasses the residual strength of the soil 
(Rauch 1997). The response of a contractive 

saturated sand during undrained shear is 
shown in Figure 1(a). During undrained 
cyclic shear (with cycles of small shear 
strains), dense, saturated sands have the 
tendency to gradually soften as excess pore 
water pressures are generated. However, 
when these dense soils are subsequently 
monotonically loaded without pore water 
drainage, dilation of the soil occurs as the 
particles move up and over each other, 
resulting in a decrease in pore water pres-
sure and an increased shear resistance 
(Rauch 1997). This behaviour of dense, 
saturated sands is described as cyclic 
mobility and is often referred to as limited 
liquefaction. In addition, Rauch (1997) indi-
cates that a soil which normally tends to 
dilate during undrained, monotonic shear 
may temporarily lose its shear resistance 
when the effective stress becomes zero, 
thus leading to substantial deformations. 
This occurrence, described by the term 
cyclic liquefaction, ensues when cyclic 
shear stresses become larger than the ini-
tial, static shear stress, producing a reversal 
in the direction of shear stress (stress path 

the liquefaction potential 
of the upper quaternary 
sands of the cape flats, 
western cape, south africa
N Fouché

Liquefaction of saturated cohesionless soils as a result of earthquake-induced ground shaking 
is a major concern for structures constructed within or on these soils. During an earthquake, 
shear waves propagate through the ground, generating shear stresses and strains that are cyclic 
in nature, causing the soil grains to rearrange into a denser state of packing. This process is too 
rapid for drainage to occur, which results in an increase in pore water pressure and a decrease 
in effective stress and shear resistance of the soil. The occurrence of a seismic event associated 
with the Milnerton Fault line extending below the Cape Flats, a low-lying sand-covered area 
connecting the Cape Peninsula with the southwestern Cape mainland of South Africa, can cause 
extensive damage to the largely inadequate infrastructure characterising the area. To evaluate 
the susceptibility of Cape Flats sand to undergo liquefaction during and after a seismic event, 
the empirical SPT-based method put forth by Idriss & Boulanger (2004) was used to assess the 
cyclic liquefaction potential of dense, dilative sands, whereas the CPT-based method published 
by Robertson (2016) was used to assess the volumetric response of the sands during undrained 
shear. Resistance of the Cape Flats sands to liquefy at probable earthquake moment magnitude 
and acceleration values of M = 6.0 and amax = 0.15 g respectively, was noted. Robertson’s 
normalised Soil Behaviour Type (SBTn) chart revealed mostly dilative sands and silty sands 
susceptible to cyclic liquefaction. Loose, contractive sands prone to flow liquefaction are 
present, although limited in occurrence and extent.
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passes through a state of zero shear stress). 
Deformations will, however, stabilise when 
the cyclic loading ends. The tendency of a 
dilative soil to produce an increase in shear 
strength when monotonically sheared, is 
shown in Figure 1b.

steady-state concePt
When a soil deforms at a constant volume 
or void ratio, constant effective stress, 
constant shear stress or resistance, and 
constant rate of shear strain, it is said to 
be in the steady state (Rauch 1997). Steady-
state flow can be attained through drained 
or undrained, and cyclic or monotonic 
loading. For a specific soil, a plot of possible 
conditions during steady-state flow gives 
a single curve (the steady-state line) in 
the three-dimensional space of void ratio, 
effective stress and shear stress. When the 
initial conditions of effective stress and 
void ratio plot above the steady-state line, 
the soil is considered contractive, whereas 
dilative soils will plot below the steady-
state line.

suscePtibility of the caPe 
flats sands to liQuefaction
The Cape Flats is a low-lying sand-covered 
area connecting the Cape Peninsula with 
the southwestern Cape mainland of South 
Africa (Hill & Theron 1981). This expan-
sive area of the Cape Town Metropole, 
covering a surface area of about 630 km2, 
is home to a substantial portion of the 
population of the greater Cape Town 
area. The terrain is flat, densely inhabited 
and typically characterised by suburban 
townships and informal settlements. 
The occurrence of a seismic event, with 

associated soil liquefaction, can cause 
extensive damage to the largely inadequate 
infrastructure, posing a significant risk to 
residents. The evaluation of liquefaction in 
the Cape Flats is considered necessary, and 
an initial assessment of the susceptibility of 
the upper quaternary sands to liquefaction 
is given below.

The liquefaction characteristics of a 
soil are not only affected by the initial 
density and effective confining stress, but 
also by factors such as particle cementa-
tion, soil fabric and ageing, which will 
prevent movement and rearrangement 
of the soil particles and thus increase 
liquefaction resistance.

Liquefaction is mostly seen in loose, 
saturated sand and silt deposits that 
are subjected to strong ground motions 
induced by earthquakes. Rounded soil par-
ticles of uniform gradation are especially 
prone to liquefaction. It is the more stable 
interlocking of well-graded sands with 
angular particle shapes that increases its 
resistance to liquefaction. Liquefaction is 
additionally associated with recent deposits 
in which particle movement is not hindered 
by age-related cementation. According to 
Rauch (1997), the presence of large propor-
tions of non-plastic fines in a soil, resulting 
in lower permeability, will impede drainage 
of excess pore water pressure, making the 
soil more likely to liquefy.

The quaternary-aged windblown 
sands and silty sands of the Witzand and 
Springfontein Formations of the Cape Flats 
are typically described as normally consoli-
dated, and fine and medium-grained. The 
uniform gradation and loose particle pack-
ing, without cementation, make these soils 
prone to liquefaction. In addition, shallow 
groundwater often occurs widespread 

across the Cape Flats, especially during 
the wet winter months, making the sedi-
ments susceptible to the accumulation of 
excess pore water pressures during seismic 
shearing. Conversely, the consolidated sand 
of the Langebaan Formation, comprising 
calcretised layers, will provide significant 
resistance to grain movement, and thus 
liquefaction, during shearing.

Although the Western Cape Province 
of South Africa, and specifically Cape 
Town, is not located close to a plate bound-
ary, intraplate fault lines present local 
weaknesses in the earth’s crust which are 
vulnerable to slip in the case of accumula-
tion of sufficient regional tectonic strain. 
An intraplate fault line known as the 
Milnerton Fault, extends beneath the Cape 
Flats in a northwesterly to southeasterly 
direction. Seismic activity associated with 
this intraplate fault is considered respon-
sible for the largest earthquake experienced 
by the City of Cape Town in 1809. During 
this event, observations of muddy water 
squirting out of fountains were made, pos-
sibly providing evidence of soil liquefaction 
induced by earthquake vibrations (De 
la Harpe 2015). In 2003, the Council for 
Geoscience produced a seismic hazard map 
showing peak ground accelerations for the 
whole of South Africa (De la Harpe 2015). 
According to this map, a gravity accelera-
tion of 0.15 g (1.471 m/s2) – with a 10% 
probability of exceedance in 50 years – is 
applicable to the Cape Flats area. The 
Council for Geoscience additionally pro-
duced a seismic intensities map of South 
Africa showing probabilistic Modified 
Mercalli Scale (MMS) intensities with 
a 10% chance of exceedance in 50 years 
(based on seismological data from 1620 
to 1989) (Brandt 2011). Seismic intensity 
Class VI was assigned to the study area.

evaluation of liQuefaction
When evaluating the susceptibility of a soil 
to liquefaction, a distinction between cyclic 
liquefaction, i.e. when deformations occur 
only during cyclic loading, and liquefac-
tion resulting from strain-softening with a 
subsequent loss of shear strength, needs to 
be made.

The triggering of cyclic liquefaction 
in a given soil deposit is often assessed 
using empirical methods based on in-situ 
penetration tests. To develop such an 
empirical method, sites possibly subjected 
to earthquake-induced liquefaction in 
the past are investigated to determine 
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whether liquefaction had occurred, and 
to measure the in-situ soil strength. The 
shear stresses induced in the ground by the 
earthquake are also estimated. By separat-
ing conditions where a soil liquefied from 
those where liquefaction did not occur, a 
liquefaction assessment criterion is formu-
lated. To evaluate the cyclic liquefaction 
potential of saturated cohesionless soils 
during earthquakes, standard penetra-
tion test (SPT)-based correlations are the 
oldest and most widely used methods. 
Notwithstanding this, the cone penetration 
test has become increasingly popular in 
estimating cyclic liquefaction potential.

To estimate the potential for cyclic 
liquefaction for level ground sites due to 
an earthquake, the cyclic stress ratio (CSR) 
profile produced by the design earthquake, 
demonstrating the seismic demand of a soil 
layer, and the cyclic resistance ratio (CRR) 
of the ground, which provides a measure 
of the soils’ resistance to liquefaction, 
should be known. The CSR is calculated 
from the maximum horizontal surface 
acceleration (amax) produced by the earth-
quake, whereas the CRR depends upon 
penetration resistance data. When the CRR 
exceeds the CSR induced by the earthquake 
ground motions, the soil is considered 
resistant to cyclic liquefaction. Most 
empirical liquefaction assessment methods 
are based on the cyclic resistance ratio and 
a standardised SPT blow count.

One of the most widely used SPT-based 
correlations is the deterministic relationship 
presented by Seed et al (1984 & 1985 – cited 
in Idriss & Boulanger 2004). This familiar 
method has been the standard for many 
years, with only minor modification at low 
CSR suggested by the National Center for 
Earthquake Engineering Research (NCEER) 
Working Group (NCEER 1997). Since the 
publication of this earlier method, SPT-
based correlations have been put forth 
by numerous authors, including Liao et 
al (1988; 1998), Youd and Noble (1997), 
and Toprak et al (1999) – all cited in Seed 
et al (2003). Seed et al (2003), however, 
emphasised low data quality and overall 
uncertainty related to these methods. More 
recently, Cetin et al (2004), and Idriss and 
Boulanger (2004) put forth similar relation-
ships between CRR and equivalent clean 
sand corrected SPT blow count, (N1)60cs. 
The three liquefaction triggering correla-
tions are compared in Figure 2.

A review of SPT-based liquefaction 
triggering procedures for cohesionless soils 
was undertaken by Idriss and Boulanger 

(2010) whereby the database of case histo-
ries was re-examined and updated. During 
the review it was found that the lower 
position of the Cetin et al (2004) curve was 
mainly due to their interpretations of sev-
eral important case histories at a specific 
range of effective stresses. In their report, 
Idriss and Boulanger (2010) concluded that 
the modified Seed et al (1984), and Idriss 
and Boulanger (2004) procedures are real-
istic for depths less than 12 m, and that the 
Idriss-Boulanger method is well supported 
by existing data for extrapolation to even 
greater depths. The Idriss-Boulanger (2004) 
method is therefore considered superior 
and was, for this reason, selected for the 
current study.

To evaluate susceptibility to flow 
liquefaction, i.e. liquefaction due to 
strain-softening with a resulting loss of 
shear strength, the potential for a soil to 
strain-soften in undrained shear should 
be evaluated. According to Robertson 
(2010), experience has indicated that 
loose sands are prone to abrupt strength 
loss at small shear strains and, as such, 
the identification of very loose and loose 
coarse-grained soils is considered the key 

component to identify a soil susceptible to 
flow liquefaction. Robertson (2016) created 
a CPT-based normalised Soil Behaviour 
Type (SBTn) chart (plotting normalised 
cone resistance Qtn against normalised 
friction ratio Fr) whereby an approximate 
boundary between dilative and contrac-
tive soil response is given. This boundary, 
presented by the solid line marked “CD” 
in Figure 3, separates dense, dilative soils 
in which deformations occur only during 
cyclic loading (plotting above line CD) 
from loose, contractive soils prone to flow 
liquefaction (plotting below line CD).

Figure 3 serves as the latest CPT-based 
SBT classification method following the 
original SBT chart developed by Robertson 
in 1990, and later updated by Robertson and 
Wride (1998), Robertson (1999) and Zhang 
et al (2002) – all cited in Robertson (2010) 
– to enable flow liquefaction evaluation. To 
assess the potential of a soil to strain-soften 
in undrained shear, Robertson’s SBT chart 
method to distinguish dilative and contrac-
tive soils, is considered state-of-the art and 
was, for this reason, selected by the author 
to assess the static liquefaction potential of 
the Cape Flats sands.

Cy
cl

ic
 re

si
st

an
ce

 ra
ti

o 
(C

RR
)

0.6

0.5

0.4

0.3

0.2

0.1

0

Equivalent clean sand corrected standard penetration (N1)60cs

403020100

Curves derived by:

  Seed et al (1984) & NCEER/NSF Workshops (1997)

 Idriss & Doulanger (2004)

 Cetin et al (2004) 

M = 7.5; σ’γ = 1 atm

Figure 2 Comparison of SPT-based liquefaction triggering curves (Idriss & Boulanger 2010)



Journal of the South african institution of civil engineering Volume 62 Number 2 June 2020 25

According to Robertson (2016), the 
CPT-based boundary between contractive 
and dilative soils can be influenced by 
several variables, such as in-situ stress state 
and, based on case histories by Robertson 
(2010), this boundary is considered slightly 
conservative. As a result, a transitional 
zone on the SBTn chart is recommended. 
In this regard, Robertson (2016) suggests 
an approximate lower boundary based on 
these case histories, as shown in Figure 3. 
The suggested boundary line marked “CD” 
now represents the upper boundary.

Methodology
The susceptibility of Cape Flats soil to 
undergo cyclic liquefaction, in which defor-
mations occur only during cyclic loading, 
and flow liquefaction, in which there is a 

complete loss of shear strength (soil failure) 
due to pore pressure increase during cyclic 
loading, was estimated by the following 
two approaches:

 Q Evaluation of the cyclic liquefaction 
potential of dense, dilative sands by 
means of an empirical SPT-based method 
put forth by Idriss & Boulanger (2004).

 Q Evaluating the volumetric response of 
the Cape Flats sands during shear by 
means of the CPT-based method pub-
lished by Robertson (2016), to determine 
whether flow liquefaction can occur 
(identification of loose, contractive soils).

sPt-based method for 
cyclic liquefaction
The cyclic liquefaction potential of the Cape 
Flats sands was studied in terms of the trig-
gering of liquefaction. The semi-empirical 

SPT-based procedure proposed by Idriss and 
Boulanger (2004) was applied to SPT blow 
count data from 178 boreholes spread across 
the Cape Flats. The Idriss and Boulanger 
(2004) boundary curve was expressed using 
Equations 1 to 3.

All the measured SPT N blow count 
values (considered N60 values in the cur-
rent study) were first corrected for over-
burden stress at the test depths to give the 
(N1)60 values. The clean sand equivalent 
values of (N1)60 were then calculated as fol-
lows (Idriss and Boulanger 2004):

 (N1)60cs = (N1)60 + ∆(N1)60 (1)

∆(N1)60 = exp 1.63 + 
9.7

FC
 – 

⎫
⎪
⎭

15.7

FC
⎫
⎪
⎭

2

 (2)

Where:
FC =  fines content (percentage smaller 

than 0.075 mm)

Where grading results were available 
at the SPT depths, the calculated fines 
contents were inserted into Equation 2. 
Where the actual fines content at an SPT 
depth was unknown, an average fines con-
tent value of 6.3%, calculated for the sands 
of the Cape Flats, based on the results of 
349 particle size analyses, was applied to 
Equation 2.

The cyclic resistance ratio (CRR) was 
subsequently calculated at each of the SPT 
depths from the clean sand equivalent 
(N1)60 values for a magnitude M = 7.5 
earthquake and an effective vertical 
stress of 1 atmosphere (101.3 kPa), using 
Equation 3. A total of 1 526 CRR (N1)60cs 
data pairs were produced from the SPT 
data. These data pairs are shown graphi-
cally in Figure 4, revealing the Idriss and 
Boulanger liquefaction triggering curve.

CRR = exp
(N1)60cs

14.1
 + 

⎫
⎪
⎭

(N1)60cs

126
⎫
⎪
⎭

2 

  
– 

⎫
⎪
⎭

(N1)60cs

23.6
⎫
⎪
⎭

3

 + 
⎫
⎪
⎭

(N1)60cs

25.4
⎫
⎪
⎭

4

  

 – 2.8   
 (3)

To finally separate the liquefiable and 
non- liquefiable soils, the cyclic stress ratios 
induced by a design earthquake were calculat-
ed at the SPT depths as follows (Seed & Idriss 
1971 – cited in Idriss & Boulanger 2004):

CSR = 0.65
⎫
⎪
⎭

σvoamax

σ'vo

⎫
⎪
⎭
rd (4)
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Where:
 Q σ’vo and σvo represent the effective and 

the total vertical stresses respectively. 
The depth of the groundwater table 
was assumed at 3.0 m in cases where 
the actual position of the phreatic 
surface was unknown at an SPT loca-
tion. This is deemed realistic for the 
study area.

 Q amax = maximum horizontal accelera-
tion at the ground surface. This value 
was taken as 0.15 g (1.471 m/s2) for 
the Cape Flats area, representing the 
probabilistic peak horizontal ground 
acceleration for the area with 10% 
chance of exceedance in 50 years 
(SANS 2010).

 Q rd = stress reduction coefficient 
accounting for the flexibility of the soil 
column, and obtained as follows:

 Ln(rd) = a(z) + β(z)M (5)

 
α(z) = –1.012 – 1.126sin

⎫
⎪
⎭

z

11.73
 + 5.133

⎫
⎪
⎭
 (6)

 
β(z) =  0.106 + 0.118sin

⎫
⎪
⎭

z

11.28
 + 5.142

⎫
⎪
⎭ 

for depth z ≤ 34 m (7)

  Where: M = design earthquake moment 
magnitude = 6.0

The earthquake moment magnitude and 
the local Richter scale magnitude are, for 
all practical purposes, considered equal. 
The Richter scale magnitude was acquired 
from the Modified Mercalli Scale (MMS) 
intensity which was, in turn, obtained from 
a seismic intensities map of South Africa 
showing probabilistic MMS intensities with 
a 10% chance of exceedance in 50 years 
(Brandt 2011; De la Harpe 2015).

The CSR requires adjustment for the 
equivalent number of stress cycles in dif-
ferent magnitude earthquakes. The CSR 
induced by an earthquake with magnitude 
M is routinely adjusted to an equivalent 
CSR for an earthquake magnitude equal to 
7.5 (Idriss & Boulanger 2004) as follows:

(CSR)M=7.5 = 
CSR

MSF
 (8)

Where:
MSF = magnitude scaling factor, given by:

  MSF =  6.9exp
⎫
⎪
⎭

–M

4
⎫
⎪
⎭
 – 0.058 

for MSF ≤ 1.8 (9)

M =  earthquake moment magnitude = 
6.0, obtained as described above.

The cyclic stress ratios, calculated at each 
of the SPT depths in the manner described 
above, were subsequently plotted against 
the clean sand equivalent (N1)60 values on 
the liquefaction triggering curve (Figure 4). 
A total of 1 526 CSR (N1)60cs data pairs 
were included to reveal the liquefaction 
potential of the Cape Flats sands.

To illustrate the occurrence and thick-
nesses of liquefiable soil layers, the CRR 
and CSR values were plotted relative to 
the SPT depths (with linear interpolation 
between points), providing continuous 
profiles of the factor of safety against lique-
faction. Liquefaction can only occur below 
the water table and, as such, the indicated 
liquefiable zones may vary based on the 
depth of groundwater.

To illustrate the effects of a larger 
magnitude earthquake producing higher 
PGAs on the triggering of cyclic liquefac-
tion in the study area, a design earthquake 
with moment magnitude M = 7.5 and 
amax = 0.25 was applied in the calculation 
of the cyclic stress ratio.

cPt-based method for 
flow liquefaction
To evaluate the susceptibility of the Cape 
Flats sands to flow liquefaction, the potential 
for these soils to strain-soften in undrained 
shear was evaluated. The results from four 

piezocone penetrometer tests undertaken at 
two locations in the study area were applied 
to the CPT-based method proposed by 
Robertson (2016). The CPT parameters of 
normalised cone resistance Qtn and normal-
ised friction ratio Fr were calculated from the 
raw CPT parameters of cone tip resistance 
qc, sleeve friction fs, and pore water pressure 
u, continuously recorded from surface to 
between 9.1 m and 10.98 m depth, using the 
following equations (Robertson 2010):

Fr = 
⎫
⎪
⎭

fs

qt – σvo

⎫
⎪
⎭
100% (10)

Where:
qt =  cone tip resistance corrected for pore 

pressure

Qtn = 
⎫
⎪
⎭

qt – σvo

pa

⎫
⎪
⎭

⎫
⎪
⎭

pa

σ'vo

⎫
⎪
⎭

n

 (11)

Where:
pa =  atmospheric pressure (101.3 kPa) 

converted to same units as qt and σv
n =  stress exponent varying with soil 

type, defined as:

n = 0.381(Ic) + 0.05
⎫
⎪
⎭

σ'vo

pa

⎫
⎪
⎭
 – 0.15 (12)

Where:
Ic = soil behaviour type index, defined as:

Ic = [(3.47 – logQtn)2 + (logFr + 1.22)2]0.5 (13)

Figure 5 In-situ test locations (Source: Google Earth 2019)
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To obtain the value of n an iterative process 
involving Equations 11 to 13 was followed.

The depth of the water table at each of 
the four CPT localities – required for the 
calculation of the total vertical stress – was 
calculated from pore water pressure dis-
sipation test results.

The normalised cone resistance and 
friction ratio values obtained with depth at 
the four piezocone penetrometer test posi-
tions in the manner described, were plotted 
on the SBTn chart shown in Figure 3 
using the CPeT-IT software developed by 
GeoLogismiki for interpreting CPTu data.

By plotting the normalised parameters 
on Figure 3, the depths and thicknesses of 
dilative and contractive soil zones in the 
profiles are not discernible. For this reason, 
a contractive-dilative (CD) value was 
calculated using Equation 14 and plotted 

against depth to illustrate the volumetric 
behaviour during shear. When the value of 
CD exceeds 70, the soils are expected to be 
dilative at large shear strains, whereas CD 
values below 60 represent contractive soils. 
A transitional zone exists between CD 
values of 60 and 70, which was inserted on 
the graphs.

CD = (Qtn – 11)(1 + 0.06Fr)17 (14)

results and analysis
The in-situ test locations are shown on 
the Google Earth image in Figure 5, show-
casing the distribution of the tests and 
liquefiable soils. It should be noted that, 
due to the large geographical area shown in 
the image, test locations near one another 
plot in an overlapping manner, not clearly 

showing all the test locations. A total of 
182 in-situ test locations, including CPTu’s 
and boreholes with SPTs, were plotted on 
the Google Earth image. Final standard 
penetration test depths in the boreholes 
range between 1.95 m and 42.25 m below 
ground level (average final test depth of 
11.23 m). The four piezocone penetrometer 
tests were advanced to between 9.5 m and 
11 m below ground level. The depth to the 
water table in the study area, as recorded in 
the boreholes and from pore water pressure 
dissipation tests, varied between ground 
surface level and 6.0 m below ground level 
(average water table depth of 2.3 m).

cyclic liquefaction potential
The liquefaction triggering curve with CSR-
(N1)60cs data points calculated for a design 
earthquake with moment magnitude of 6.0 
and a PGA of 0.15 g is shown in Figure 6. 
The liquefiable and non-liquefiable soils are 
separated, illustrating that the CRR mostly 
exceeds the CSR, thus providing a factor 
of safety greater than 1. Of the 1 526 data 
pairs obtained from 178 boreholes plotted in 
the figure, only 19 pairs from 14 boreholes 
showed the potential to liquefy during an 
earthquake with the above-mentioned mag-
nitude and acceleration (refer to Figure 5). It 
should be noted that, in calculating the CRR 
and CSR values, the water table levels at 
the time of each specific ground investiga-
tion were used (investigations undertaken 
over a period of approximately 30 years). 
Liquefaction can only occur in saturated 
soils and, as such, the outcome presented 
in Figure 6 may vary depending upon the 
depth of the phreatic surface.

The potential of the Cape Flats soils to 
liquefy under static conditions at the SPT 
locations shown in Figure 5 could not be 
determined, due to the lack of an appropri-
ate SPT-based flow liquefaction method.

To illustrate the occurrence and thick-
nesses of liquefiable soil layers in the 14 
boreholes which showed a likelihood to 
liquefy, the CRR and CSR values were plot-
ted relative to the SPT depths (with linear 
interpolation between points). A continu-
ous profile of the factor of safety against 
liquefaction is shown in Figure 7 for one 
such borehole. At this position, liquefiable 
soil occurs between approximately 3 m and 
5 m depths. In most cases, only a single 
CSR value calculated at an individual SPT 
depth in the soil profile (borehole location) 
was higher than its corresponding CRR 
value. Interpolation between SPT depths 
hinders exact definition of liquefiable soil 
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layers. Liquefiable soils occur between 
upper and lower depth limits of 3.2 m and 
19 m respectively, with layer thicknesses 
varying from 0.3 m to about 2.0 m. Rauch 
(1997), however, notes that liquefaction is 
unlikely at depths exceeding 15 m where 
confining stresses are large and frictional 
resistance is likely to prevent liquefac-
tion. Liquefiable soils were identified as 
fine to coarse-grained sands and silty 
sands in boreholes in Athlone, Philippi, 
Khayelitsha, Macassar, and in the vicinities 
of the Cape Town International Airport in 
Matroosfontein and the Tygerberg Hospital 
in Bellville. Liquefiable layers were not 
intersected at comparable elevations across 
different sites in the study area.

To illustrate the effects of a larger mag-
nitude earthquake producing higher PGAs, 
on the triggering of cyclic liquefaction in 
the study area, the liquefaction triggering 
curve with CSR-(N1)60cs data points was 
generated for a design earthquake with 
moment magnitude of 7.5 and a PGA of 
0.25 g, as shown in Figure 8.

A substantial decrease in liquefaction 
resistance is associated with the above-
mentioned design earthquake, with safety 
factors at about 35% of SPT locations being 
less than 1 (CSR > CRR). The possibility of 
such an occurrence (large seismic event) 
is, however, improbable considering the 
seismic hazard maps produced for southern 
Africa (Brandt 2011; De la Harpe 2015).

flow liquefaction potential
Robertson’s normalised Soil Behaviour 
Type (SBTn) chart (including  contractive- 
dilative boundary) with Qtn-Fr data points 
calculated from the field data of four 
piezocone penetrometer tests (CPTu) 
undertaken at two locations in the Cape 
Flats, are shown in Figure 9 (also refer to 
Figure 5). Figures 9(a) and 9(b) depict the 
results from Site A: Southwest Cape Flats, 
and Figures 9(c) and 9(d) from Site B: 
Northeast Cape Flats. Both  localities are 
underlain by Witsand Formation  deposits, 
although Site B is situated near the 
Springfontein Formation soil boundary. 
The soil behaviour types were determined 
as sand, silty sand and sandy silt with 
irregular layers of clay and silty clay 
underlying Site B.

From the SBTn charts it is evident that 
the sands and silty sands from the Cape 
Flats mostly dilate during undrained shear. 
The soils plotting above the contractive-
dilative (CD) boundary may be susceptible 
to cyclic liquefaction, thus substantial 

deformations can occur during cyclic load-
ing when a brief loss in shear resistance 
occurs when the effective stress becomes 
zero. Deformations will, however, stabilise 
when the cyclic loading ends.

Loose, contractive sands, in which 
Qtn-Fr data pairs plot below the CD bound-
ary, are also present at all four locations. A 
limited number of data points plot within 
the transitional or clay-like zones (some of 
which display contractive behaviour). To 

enable proper interpretation of the results, 
revealing depths and thicknesses of dilative 
and contractive soil zones, the contractive-
dilative (CD) values were plotted against 
depth for each of the CPTu’s. A typical 
graph for one CPTu position is shown 
in Figure 10. Note that the contractive-
dilative boundary is transitional, the upper 
and lower boundaries of this zone being 
represented by the grey and orange vertical 
lines respectively.
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Figure 8  Cyclic stress ratio plotted against clean sand equivalent SPT blow count for design 
earthquake with M = 7.5 and amax = 0.25 g
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Examination of the four graphs con-
firms the presence of contractive soils at 
shallow depths (extending to a maximum 
depth of 0.6 m), and at depths between 
4 m and 5.5 m at the Site B CPTu loca-
tions. At between 4 m and 5.5 m depth, 
liquefiable layers vary in thickness from 
0.1 m to 0.5 m. At these depths in the 
soil profiles, a complete loss of strength 
leading to flow (under static shear stress 
exceeding the residual shear strength) can 
occur during a seismic event. The water 
table was recorded between 2.45 m and 
2.9 m depth in the four CPTu’s. It is the 
build-up of pore water pressure during 
dynamic loading that leads to strength 
loss and, as such, flow liquefaction is only 
likely to occur in the saturated sands 
below the water table.

conclusions
To evaluate the susceptibility of Cape 
Flats soil to undergo liquefaction during 
and after a seismic event, the empirical 
SPT-based method put forth by Idriss and 
Boulanger (2004) was used to assess the 
cyclic liquefaction potential of dense, dila-
tive sands, while the CPT-based method 
published by Robertson (2016) was used to 
assess the volumetric response of the sands 
during shear.

The liquefaction triggering curve with 
CSR-(N1)60cs data points obtained for a 
design earthquake with moment magnitude 
of 6.0 and a PGA of 0.15 g, illustrated 
the resistance of the Cape Flats sands to 
liquefy at these probable magnitude and 

acceleration values (obtained from the seis-
mic hazard map of southern Africa: Brandt 
2011). Of the 1 526 data pairs obtained 
from 178 boreholes, only 19 pairs from 14 
boreholes showed the potential to liquefy. 
Liquefied thicknesses in these boreholes 
ranged from 0.3 m to about 2.0 m, occur-
ring between depths of 3.2 m and 19 m in 
the soil profile.

A substantial decrease in liquefaction 
resistance was observed when the liquefac-
tion triggering curve with CSR-(N1)60cs 
data points was generated for a design 
earthquake with moment magnitude of 7.5 
and a PGA of 0.25 g. Approximately 35% of 
the data points plotted above the trigger-
ing curve, illustrating the effects of a large 
ground shaking event on the triggering of 
liquefaction in the Cape Flats. The pos-
sibility of such an occurrence (large seismic 
event) is deemed unlikely.

The water table levels encountered in 
the boreholes at the time of each specific 
ground investigation were used to calculate 
the values of CSR and CRR. Liquefaction 
can only occur in saturated soils and, as 
such, the outcomes presented on the lique-
faction triggering curves may vary depend-
ing on the depth of the phreatic surface.

Robertson’s normalised Soil Behaviour 
Type (SBTn) chart (including contractive-
dilative boundary) revealed mostly dilative 
sands and silty sands possibly susceptible 
to cyclic liquefaction at the four CPTu 
locations. Loose, contractive sands are also 
present at all four locations, occurring at 
shallow depths, and between 4 m and 5 m 
at two CPTu locations. A limited number 

of data points plot within the transitional 
or clay-like zones.

These strain-softening soils (prone to 
strength loss) can also experience cyclic 
liquefaction depending on ground geom-
etry (Robertson & Cabal 2012). However, 
the author was unable to assess and com-
pare liquefaction under static and dynamic 
conditions for the same materials, as there 
were no sites with both CPT and SPT 
data available.

In conclusion, it is difficult to assess the 
risk of earthquake occurrence and mag-
nitude in the study area. Nonetheless, the 
occurrence of such an event will certainly 
result in cyclic liquefaction in the Cape 
Flats area, the extent of which will depend 
on the magnitude of the seismic event. The 
limited assessment of static liquefaction in 
the study area inhibits a true reflection of 
the volumetric response of sand and clay-
like soils from the Cape Flats during static 
or cyclic loading.
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introduction
As part of a doctoral thesis, the author 
developed a queue-based traffic signal war-
rant (Sampson 1992; Sampson 1999). That 
4Q / 6Q warrant was subsequently adopted 
in the South African Road Traffic Signs 
Manual (COTO 2001) as the official war-
rant for traffic signals in South Africa.

At the time (1980s) traffic circles had 
been phased out in South Africa (and in the 
USA and Australia) and roundabouts had 
yet to find international acceptance. While 
modern roundabouts were developed in the 
1960s in the United Kingdom, they only 
appeared in the USA in the 1990s, and in 
South Africa they are still relatively rare.

At present therefore, existing warrants 
such as the MUTCD (US Department of 
Transport 2009) and SARTSM (COTO 
2001) only consider the point at which the 
conversion from a stop-controlled intersec-
tion to a traffic signal is justified. Traffic 
signal warrants do not provide for rounda-
bouts as an option.

Because of their safety and capacity 
benefits, however, roundabouts are becom-
ing important traffic control devices and, 
for good reason, are becoming more and 
more common throughout the world.

In this paper, a warrant for mini-circles 
and roundabouts is developed. This is done 
by comparing the performance of stop 
street, all-way stop, mini-circle, modern 
roundabout and traffic signal control 
across a wide range of traffic volumes and 
geometric layouts.

the 4Q / 6Q warrant for 
traffic signals (coto 2001)
For background, the 4Q / 6Q warrant is 
discussed. This is a conventional warrant 
which determines the point at which 
conversion from a stop to a signal becomes 
justified.

When developing the queue length 
warrant for traffic signals (Sampson 1992), 
it was found that to use traffic volumes as a 
warrant was not accurate, and the require-
ments for a signal depend on many more 
considerations than a simple traffic count 
would reveal.

Nor could “tolerable delay”, which refer-
ences suggested was an average delay of 57 
seconds per vehicle at a stop street, be used 
as a warrant. This is because signals would 
be required long before they should be 
justified where side street traffic volumes 
are low, while at high side street traffic vol-
umes traffic signals are needed long before 
the average delay of 57 seconds is reached.

It was therefore found that, for the 
above and many other reasons (such as 
accuracy, politics and ease of observation), 
the best measure to use for a warrant 
would be queue length. Conveniently so, 
because queue length is numerically equal 
to veh-hrs/hr (volume) of total delay, and 
total delay is directly aligned with cost. 
Queue can also be used to determine 
user costs.

Further research then led to the con-
clusion that, when a peak hour queue of 
vehicles or pedestrians reaches or exceeds 

warrants for roundabouts and 
other traffic control devices
J D Sampson

There are many warrants for traffic signals, but no definitive warrant for roundabouts. Some 
references (e.g. TRB 2000) give guidelines, and refer to the capacities of roundabouts and TWSC 
(two-way stop control), but capacities address the upper limit of the control device, not the 
lower values which would justify, or warrant, a change in control. Other references refer to the 
need for a roundabout warrant but do not develop one. One paper by Sampson and Meijer 
(1999) discussed potential warrants, but no recommendation was made.
 In this paper the role of roundabouts and mini-circles in filling the large gap between where 
stop control is no longer ideal, and where traffic signals are required, is examined.
 It is found that there are many considerations in addition to volume or delay that need to be 
taken into account when deciding on whether to implement roundabout type control, but as 
a rule of thumb, if the average queue at a stop control exceeds two (2Q) during the peak hour, 
roundabouts will improve the traffic flow, and if the queue totals around ten or more (10Q), 
then the roundabout is likely to have reached its capacity.
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four on average, this was the point at which 
traffic signals could be justified. In addi-
tion, if the sum of all the queues of vehicles 
and pedestrians on average throughout 
a full hour exceeded six, this would also 
justify signals. This became the 4Q / 6Q 
warrant (Sampson 1992; COTO 2001). 
Note that this is a peak hour warrant.

As was stated in the Introduction, the 
4Q / 6Q warrant however only considers 
the point at which a side road stop control 
should be converted to an intersection sig-
nal control. This research is now extended 
to include roundabouts.

guidelines for roundabouts
Before analysing the technical performance 
of roundabouts compared to other con-
trol devices, conventional guidelines are 
considered.

Roundabouts equalise the priority of 
all approach roads. No matter how minor 
the intersecting road may be, it is afforded 
the same priority on entry as any of the 
major routes. Furthermore, all vehicles 
must slow and take gaps on approaching 
the roundabout, and priority cannot be 
given to any movement without violating 
the roundabout operational principles (e.g. 
once a traffic signal or stop street is intro-
duced at a roundabout, it ceases to operate 
as a roundabout).

With these limitations in mind, the 
following is a summary of the Guidelines 
for the Location of Roundabouts, extracted 
from local and international literature 
and as contained in Roundabouts (Traffic 
Circles) as Intersection Control Devices on 
Provincial Roads (PWV Consortium 2001).

The best locations for roundabouts are 
as follows:

 Q Intersections where safety would other-
wise be a problem

 Q Intersections where environmental 
enhancement or landscaping is required

 Q Intersections where traffic signal main-
tenance or the availability of power is a 
problem

 Q Where permanent traffic control with-
out enforcement is necessary

 Q Where there are four-way or all-way 
stops

 Q Where the road standard or speed limit 
changes (e.g. where an arterial road 
changes to collector / local street status)

 Q Where urban and rural roads meet 
(e.g. entrance to towns) or where com-
mercial/industrial and residential areas 
meet

 Q In suburban areas where traffic calming 
is required

 Q At intersections with high turning 
movements

 Q Where U-turns are prevalent or 
desirable

 Q Where three or more stages are 
required at traffic signals

 Q At intersections with more than four 
legs

 Q At Y-junctions or other junctions with 
awkward geometry (e.g. sharp change in 
direction)

 Q With other roundabouts in a network 
where intersection spacing is too close 
for signal coordination to be achieved.

The worst locations for roundabouts are 
as follows:

 Q Where main road and side road traffic 
flows differ greatly

 Q Where minor crossroads enter major 
routes when a stop or yield street would 
suffice

 Q In signalised coordinated networks 
where they would break up the platoon 
flow

 Q Where traffic signals will soon be 
required.

As is the case with all intersection control 
devices, roundabouts should be avoided on 
roads with steep slopes or where the inter-
section is not visible. Longer “flat” areas are 
required for roundabouts compared with 
other intersection types, making them less 
suitable on steep grades.

warrant develoPMent

intersection control devices
The research that follows contrasts and 
compares the full range of intersection 
control devices, namely conventional stops, 
all-way stops, mini-circles, modern rounda-
bouts and traffic signals.

To do this, an intersection simulation 
software program called AutoJ (Sampson 
2018) is used. AutoJ is based primarily 
on the formulae in the Highway Capacity 
Manual (TRB 2010).

For a given set of geometric and traffic 
volume conditions, AutoJ compares the 
V/C (volume to capacity ratio), delay, queue 
and level of service performance of five 
forms of priority control and 21 different 
traffic signal staging and phasing options 
simultaneously. It does this for vehicles, 
pedestrians and bicycles for up to three 
periods (typically AM, PM and off-peak 
hours) at a time.

To compare controls, AutoJ summarises 
the performance of each in a table (see 
Appendix A on page 38).

typical intersection geometry
The investigation is limited to a maxi-
mum of two lanes on each approach as 
roundabouts with three approach lanes 
are rare and require detailed site-specific 
investigation.

The number of approach lanes tested 
include 2 × 2, 2 × 1 and 1 × 1. A 2 × 1 
cross-junction would be as follows:

 Q Main road: 2 lanes in each direction, 
with 1 right-turning lane added if traffic 
signals are considered, 2 approach and 2 
circulatory lanes if a roundabout is con-
sidered, and 1 approach lane and 1 “circu-
latory” lane if a mini-circle is considered.

 Q Side road: 1 lane in each direction, 
with 1 right-turning lane added if traf-
fic signals are considered, 1 approach 
and 2 circulatory lanes (for main road 
traffic) if a roundabout is considered, 
and 1 approach lane if a mini-circle is 
considered.

Geometrically this favours the traffic 
signal, as the addition of a right-turn bay 
means there are more approach lanes for 
that option. Nevertheless, it will be shown 
that even with that advantage, the traffic 
signal only becomes the optimal control at 
very high volumes.

traffic volumes
Many volume combinations were consid-
ered, with the two-way main road ranging 
from 0 to 3 600 vehicles per hour (with a 
60:40 split), the “high” side street volume 
ranging from 0 to 1 400 per hour, and the 
other side street approach set at 100 vehi-
cles per hour.

For the 2 × 1 geometry, typically a sub-
urban collector side street entering a minor 
arterial road, the turning volumes on the 
main road were taken as 10% left and 
right, and 80% straight, while the turning 
volumes on the side road were taken as 45% 
left and right and 10% straight.

For the 1 × 1 geometry, typically two 
collector streets joining, the turning 
volumes on the main road were taken as 
20% left and right, and 60% straight, while 
the turning volumes on the side road were 
taken as 33% left, right and straight.

For the 2 × 2 geometry, typically two 
minor arterials intersecting, the turning 
volumes on both the main road and the 
side road were taken as 20% left and right, 
and 60% straight.
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results
Tables 1 to 5 are a summary of the most 
important findings. The first three, i.e. 
Tables 1, 2 and 3, have the same geometric 
configuration (2 × 1) but different measures 
of performance (delay, queue and level of 
service based on V/C). Tables 2, 4 and 5 
have the same measure of performance 
(queue), but different geometric configura-
tions (2 × 1, 1×1 and 2 × 2).

Measures of performance
There are various performance measures 
that can be considered when determining 
the efficiency of a control device. Most 
commonly these are:

 Q Volume to capacity ratio (V/C)
 Q Average delay (seconds per vehicle)
 Q Total delay (vehicle-hours per hour)
 Q Queues
 Q Level of service.

When developing the warrant, all these 
measures were considered across the 
full range of traffic volumes and control 
devices, and all are presented in the Tables. 
All-way stops, however, do not appear in 
the Tables, as they are never the preferred 
control under any circumstances.

optimal performance
To easily see where a control device is 
optimal, the blocks in Tables 1, 2, 4 and 5 
are coloured as follows:

 Q Stop    green
 Q Mini-circle  yellow
 Q Roundabout  pink
 Q Traffic signal blue.

Table 3 is coloured differently as will be 
described.

Measure 1: Maximum delay (2 × 1)
The first comparison is the maximum 
hourly average delay experienced by the 
worst affected movement in a 2 × 1 geo-
metric situation.

The black line in Table 1 is the dividing 
line between stop control and traffic signal 
control if mini-circles and roundabouts are 
not considered. It was previously indicated 
that when developing the 4Q / 6Q warrant, 
one consideration for warranting signals 
was when the average delay at the stop 
exceeded 57 seconds (Sampson 1992). Even 
though this was not used as a warrant, and 
it is not easy to see in Table 1, the black line 
appears approximately where the 57 second 
cut-off would be.

For reasons stated earlier, maximum 
delay is not the best criterion to be used 
when warranting a control device. Were 

Table 1 Maximum delay to worst affected movement (2 × 1)

1 high side 
(veh/hr)

Maximum delay (sec/veh) (2 × 1)

stop

1 400

306 858 1 275

mini 244 512 736

r-about 236 477 683

signal 27 33 297

stop

1 200

71 686 1 173 1 465

mini 37 286 548 767

r-about 36 244 485 690

signal 27 27 36 445

stop

1 000

25 446 1 030 1 381 1 590

mini 13 36 283 547 780

r-about 14 30 208 454 665

signal 27 24 22 20 28

stop

800

16 86 815 1 254 1 516 1 671

mini 9 12 25 272 617 847

r-about 10 12 20 100 364 590

signal 27 22 19 17 20 123

stop

600

13 19 458 1 043 1 392 1 599 1 720

mini 7 8 11 54 431 695 883

r-about 8 9 10 13 24 163 419

signal 24 18 15 19 22 25 498

stop

400

11 12 26 620 1 144 1 454 1 637 1 743

mini 6 7 9 18 219 521 737 898

r-about 7 7 8 8 9 11 17 50

signal 20 14 18 21 24 25 243 774

stop

200

10 10 11 17 400 1 020 1 385 1 695 1 879

mini 5 6 8 12 37 322 569 754 898

r-about 7 7 7 8 8 10 12 18 45

signal 13 19 23 23 23 23 158 567 938

400 800 1 200 1 600 2 000 2 400 2 800 3 200 3 600

Main 2-way (veh/hr)

Mini circle Traffic signal Roundabout
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it to be used, however, it is interesting to 
see that a stop control is never optimal (no 
block in Table 1 is coloured green). This 
is because users of a mini-circle or round-
about will not need to stop in low flow 
conditions, hence will always experience 
less delay than at a stop street.

Measure 2: Queue (2 × 1)
Table 2 is the result when queue length is 
used as the criterion to choose a control 
device. The numbers in Table 2 are the 
total queue length (or total delay in vehicle-
hours per hour; whichever is preferred as a 
measure, they are numerically equal).

As above, the black line is the split 
between a stop and traffic signal control 
if mini-circles or roundabouts are not 
considered. It can be noted that when the 
queue length exceeds four at the stop, traf-
fic signals are warranted, thus confirming 
the 4Q warrant.

In Table 2, the inclusion of mini-circles 
and roundabouts changes the 4Q warrant 
picture considerably. Clearly, mini-circles 
and roundabouts provide the optimal 
solution over a wide range between the 
stop and signal options. Neglecting the 
inclusion of these options, as the 4Q / 6Q 
warrant does, will mean that the optimal 
control will not be considered. An impor-
tant conclusion of this research therefore is 
that previous warrants need to be revised 
to include the mini-circle and roundabouts 
as options.

Looking more closely at Table 2, a mini-
circle or roundabout appears to become 
justified when the queue at the stop 
exceeds two vehicles (2Q).

The upper limit of queue before a 
signal is warranted is less obvious because, 
as the main road volumes increase, the 
length of queue required to warrant signals 
also increases (from eight to twelve). For 
warrant purposes, when the roundabout 
queues exceed approximately ten (10Q), a 
traffic signal control may perform better.

Note, however, that this is purely a 
peak-hour consideration. When volumes 
drop off-peak, the roundabout will perform 
better than the signal.

Measure 3: level of service (2 × 1)
In Table 3, the level of service, based on 
the volume to capacity ratio, is coloured as 
follows:

 Q LoS A and B (V/C < 0.8) = green
 Q LoS C and D (V/C < 0.95) = blue
 Q LoS E (V/C < 1.0) = yellow
 Q LoS F = red

Table 2 Queue (2 × 1)

2 high side 
(veh/hr)

total queue / delay (veh-hrs/hr) (2 × 1)

stop

1 400

93.8 302.6 431.1

mini 95.6 201.7 375.0

r-about 92.7 187.1 268.5

signal 6.0 9.8 61.5

stop

1 200

17.4 197.8 326.3 406.0

mini 13.0 97.3 228.3 433.1

r-about 12.9 83.2 164.4 234.8

signal 5.2 8.7 13.6 116.4

stop

1 000

6.0 92.9 221.4 301.1 355.5

mini 4.5 11.8 87.3 281.1 475.0

r-about 4.9 9.9 60.4 130.3 191.9

signal 4.6 7.8 10.5 13.2 16.1

stop

800

3.4 12.7 116.5 196.3 249.2 300.2

mini 2.7 4.3 9.7 122.1 317.1 502.6

r-about 3.1 4.5 7.1 26.1 86.7 142.0

signal 4.2 6.9 9.1 11.2 13.4 29.3

stop

600

2.2 3.1 37.1 91.4 143.6 194.5 243.4

mini 1.9 2.9 4.8 18.3 154.8 338.0 520.5

r-about 2.2 3.2 4.3 5.9 9.2 35.0 86.7

signal 3.7 5.9 7.6 9.2 10.8 12.9 37.7

stop

400

1.4 1.6 2.5 32.7 59.9 94.3 138.1 204.4

mini 1.4 2.2 3.5 7.0 76.0 213.4 356.7 587.1

r-about 1.7 2.5 3.4 4.5 5.9 8.0 12.2 29.9

signal 3.2 4.8 5.9 6.9 8.1 9.7 23.6 64.5

stop

200

0.8 0.9 1.0 1.4 11.5 36.0 73.3 131.5 180.2

mini 1.0 1.8 2.8 4.8 14.8 132.7 275.3 479.7 716.9

r-about 1.2 2.0 2.8 3.8 5.0 6.5 8.8 13.5 32.0

signal 2.4 3.3 4.0 5.0 6.2 8.2 15.2 55.0 90.3

400 800 1 200 1 600 2 000 2 400 2 800 3 200 3 600

Main 2-way (veh/hr)

Mini circle Traffic signal Roundabout Stop
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Table 3 is different from the other Tables 
in that LoS is colour-coded and not the 
preferred control. Because traffic signals 
have the greatest capacity, they will always 
have the lowest V/C regardless of volume. If 
Table 3 were colour-coded in the same way 
as the others therefore, it would be all blue.

For that and other reasons, V/C is not 
a suitable measure for a warrant (there is 
therefore no black line to indicate the stop 
/ traffic signal boundary). It is, however, 
suitable to determine when the capacity of 
the different control devices is reached.

In Table 3 it can be noted that there is a 
large area of overlap where the stop, mini-
circle, roundabout and traffic signal have 
a similar level of service, indicating that 
there is a large range over which any of the 
controls could be appropriate from an LoS 
viewpoint.

Measure 4: Queue (1 × 1)
Table 2 provided the queue warrant with a 
2 × 1 geometric configuration. Tables 4 and 
5 give the queue warrant with a 1 × 1 and 
2 × 2 geometric layout.

In this case of single lane approaches, 
as expected, the mini-circle, being smaller 
and causing less delay, is generally slightly 
better than the roundabout.

However, similar threshold values as 
in the 2 × 1 case can be observed, i.e. that 
the mini-circle / roundabout is preferred 
when the queue at the stop reaches around 
two (2Q), and the traffic signal becomes 
warranted when the total queue at the 
mini-circle / roundabout reaches about ten 
(10Q).

Measure 5: Queue (2 × 2)
The optimal control using queue as a crite-
rion with a 2 × 2 geometric configuration is 
shown in Table 5.

In a multi-lane situation, it would be 
expected that a two-lane roundabout 
would perform better than a single lane 
mini-circle, and this is indeed the case.

Again, it is found that the roundabout 
is preferred to a stop control at a queue 
length of about two (2Q), while the traffic 
signal becomes the preferred device a little 
later than in the single-lane cases, when the 
queue at the roundabout exceeds between 
ten to fifteen (10Q).

conclusions and 
recoMMendations
There are several recommendations 
and conclusions that can be made 

Table 3 Level of service (2 × 1)

3 high side 
(veh/hr)

level of service based on v/c (2 × 1)

stop

1 400

1.13 1.75 2.94

mini 1.11 1.33 1.59

r-about 1.10 1.29 1.52

signal 0.58 0.73 1.10

stop

1 200

0.97 1.50 2.52 4.26

mini 0.95 1.14 1.36 1.63

r-about 0.94 1.11 1.30 1.53

signal 0.50 0.54 0.84 1.21

stop

1 000

0.81 1.25 2.10 3.55 6.05

mini 0.79 0.95 1.14 1.36 1.65

r-about 0.79 0.92 1.08 1.27 1.49

signal 0.41 0.47 0.54 0.61 0.84

stop

800

0.65 1.00 1.68 2.84 4.84 8.30

mini 0.63 0.76 0.91 1.13 1.44 1.76

r-about 0.63 0.74 0.87 1.02 1.20 1.41

signal 0.34 0.41 0.47 0.56 0.71 1.00

stop

600

0.49 0.75 1.26 2.13 3.63 6.23 10.74

mini 0.47 0.57 0.72 0.98 1.25 1.53 1.82

r-about 0.47 0.55 0.65 0.76 0.90 1.05 1.24

signal 0.27 0.34 0.40 0.52 0.69 0.87 1.27

stop

400

0.32 0.50 0.84 1.42 2.42 4.15 7.16 12.44

mini 0.32 0.41 0.63 0.86 1.09 1.34 1.59 1.85

r-about 0.31 0.37 0.43 0.51 0.60 0.70 0.83 0.97

signal 0.20 0.27 0.34 0.40 0.69 0.83 1.07 1.58

stop

200

0.16 0.25 0.42 0.71 1.21 2.08 3.58 9.78 999.99

mini 0.18 0.36 0.55 0.75 0.95 1.16 1.38 1.61 1.85

r-about 0.16 0.19 0.29 0.39 0.50 0.61 0.72 0.84 0.96

signal 0.13 0.20 0.28 0.37 0.56 0.87 1.02 1.33 1.86

400 800 1 200 1 600 2 000 2 400 2 800 3 200 3 600

Main 2-way (veh/hr)

LoS A and B (V/C < 0.8) LoS C and D (V/C < 0.95) LoS E (V/C < 1.0) LoS F
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resulting from this research. The most 
important are:

 Q Internationally, traffic signal warrants 
need to be amended, because when a 
stop street reaches capacity, the traffic 
signal should not automatically be con-
sidered as the next best option.

 Q When a stop control is not functioning 
optimally, or when the queue exceeds 
two on average at the stop throughout 
the hour (2Q), this is an indication that 
a mini-circle or roundabout should be 
considered.

 Q When the total of queues waiting on 
approaches to a roundabout reach ten 
(10Q) in the peak hour, traffic signals 
may be considered.

 Q Mini-circles and roundabouts have 
therefore been found to provide the 
optimum control in the wide range of 
situations ranging between very low and 
very high intersection volumes.

 Q Mini-circles are slightly better than 
roundabouts in single-lane approach, 
low main road volume situations, while 
roundabouts are better for multi-lane, 
higher main road volume intersections.

 Q There is significant overlap where more 
than one device will perform well. While 
the colour coding in Tables 1, 2, 4 and 
5 tends to emphasise a clear division 
between one control and another, exami-
nation of the numbers shows that different 
controls perform similarly over a wide 
range. This is most easily seen in Table 3.

 Q Queue length was found to be the best 
indicator of when a stop should be 
converted to a traffic signal (Sampson 
1992), and this research confirms that it 
is also the best measure to use as a war-
rant when considering roundabouts.

 Q There are, however, additional consid-
erations for roundabouts, as indicated in 
the Guidelines quoted.

 Q In the research for AutoJ (Sampson 
2018), to take into account that the con-
trol device must operate over 24 hours 
and not just the peak hour, a perfor-
mance index was developed (Appendix 
A). This is a more sophisticated approach 
than using a simple single-number test 
during one hour, as suggested by a war-
rant. The warrant derived in this paper 
can, however, be used as the basis for the 
need for further investigation.

 Q Regardless of the technical calculations 
above, engineering judgement remains 
an important consideration, because 
there are situations where roundabouts 
may not be preferred, e.g. when a traffic 

Table 4 Queue (1 × 1)

4 high side 
(veh/hr)

total queue / delay (veh-hrs/hr) (1 × 1)

stop

1 400

214.6 427.1 555.6

mini 73.4 191.4 408.2

r-about 73.0 163.5 360.6

signal 6.7 12.3 26.0

stop

1 200

141.9 322.2 450.6

mini 9.8 69.1 263.8

r-about 10.3 57.4 216.3

signal 5.7 10.2 15.8

stop

1 000

71.0 217.2 345.7 417.7

mini 4.2 8.6 112.1 320.2

r-about 4.7 8.3 65.6 268.3

signal 5.0 8.7 12.6 241.6

stop

800

9.3 112.8 240.7 312.6

mini 2.7 4.2 16.9 164.3

r-about 3.1 4.6 10.6 131.8

signal 4.4 7.4 10.3 16.6

stop

600

2.8 37.9 135.8 207.6 254.8

mini 1.9 2.9 5.7 88.8 232.2

r-about 2.3 3.4 5.8 66.0 207.8

signal 3.9 6.2 8.3 10.9 99.2

stop

400

1.5 2.4 32.6 102.7 147.9

mini 1.4 2.2 3.8 16.9 157.3

r-about 1.7 2.7 4.3 12.7 138.8

signal 3.2 4.9 6.2 7.8 23.1

stop

200

0.8 1.0 1.4 3.6 40.9 84.0

mini 1.0 1.8 3.0 6.1 71.2 223.6

r-about 1.3 2.2 3.4 6.4 60.3 209.1

signal 2.4 3.3 4.0 5.2 7.9 61.1

400 800 1 200 1 600 2 000 2 400 2 800 3 200 3 600

Main 2-way (veh/hr)

Mini circle Traffic signal Roundabout Stop
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signal already exists, or when there is 
insufficient road reserve, or when any of 
the worst locations for roundabouts list-
ed in the “Guidelines for Roundabouts” 
section above are present.

In conclusion, this research finds that:
 Q An average of two vehicles in a queue (2Q) 

at a stop street is the warrant to consider 
conversion to roundabouts or mini-circles.

 Q When the total queue on all approaches 
to the roundabout reaches around ten 
(10Q), that is an indication that the 
roundabout is nearing capacity and that 
traffic signals and possibly road widen-
ing should be considered.

 Q There is a wide range between the 2Q 
and 10Q conditions where roundabouts 
would be the optimal form of control, 
and they could operate well even outside 
this range.

 Q The total intersection volume range 
over which roundabouts are optimal 
is large, roughly from 1 000 to 2 400 
vehicles per hour, indicating that, with 
average traffic growth, the roundabout 
would be optimal for around 30 years 
without modification.

It is further recommended that all-way stops 
are never used in urban areas, and where 
they exist they should be replaced with 
mini-circles or, if need be, roundabouts. 
Over and above the unnecessary delay and 
queues caused by all-way stops, motorists 
regularly ignore the sign and proceed 
without stopping, thereby effectively turning 
the control into a yield from all sides. 
Formally recognising this typical behaviour 
by converting the all-way stop into a mini-
circle or roundabout will turn offenders into 
law-abiding citizens.
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aPPendiX a: autoj suMMary eXaMPle
A typical AutoJ software summary (Sampson 
2018) is given in Appendix A below. In the 
summary the level of service using delay and 
V/C numbers as performance measures is 
colour-coded, with the optimal control(s) 
shown in green-shaded blocks.

AutoJ uses a performance index to take 
into account that the control device must 
operate over 24 hours and not just the peak 
hour. The performance index weights the 
control’s efficiency as follows:

 Q maximum V/C of any movement (more 
critical than delay in peak hours): 18% 
AM and PM peaks, 4% off-peak

 Q average V/C of intersection combining 
peak and off-peak: 10%

 Q maximum delay to any movement 
(delay should be minimised if V/C 
is not a concern, hence off-peak is 
favoured): 4% AM and PM peaks, 
7% off-peak

 Q overall intersection delay per vehicle 
during worst period: 10%

 Q maximum queue on any approach: 
6% AM and PM peaks, 3% off-peak

 Q total queue adding AM, PM and 
off-peak: 10%.

Main Road (two lanes per direction) and Side Street (one lane per direction)

2 × 1 with added right turn lane if a signal

Summary

Volume / capacity (maximum) Delay / vehicle (maximum) Queue (maximum)

Weighting 100% 18% 4% 18% 10% 4% 7% 4% 10% 6% 3% 6% 10%

Perf index Peds AM Off PM i/s ave Peds AM Off PM i/s ave Peds AM Off PM i/s sum

Best ICD RR 86% 0.00 0.65 0.22 0.47 0.31 2 10 7 8 8 0.0 1.2 0.5 1.3 10.4

Best signal n3 63% 0.00 0.47 0.25 0.54 0.32 38 21 20 28 17 0.0 2.1 1.1 3.0 21.5

Control type PI 0.00 AM Off PM i/s ave Peds AM Off PM i/s ave Peds AM Off PM i/s sum

Priority

Xns 32% 0.00 0.97 0.37 1.19 0.48 85 68 11 374 65 0.0 10.8 0.9 28.0 52.0

Xwe 48% 0.00 1.27 0.34 0.77 0.29 100 465 10 22 71 0.0 34.9 0.3 0.4 40.5

XX 37% 0.00 1.09 0.29 0.73 0.53 236 11 19 96 0.0 37.8 0.9 3.1 61.2

CC 57% 0.00 0.72 0.33 0.92 0.51 6 11 6 28 17 0.0 1.7 0.5 4.5 15.5

RR 86% 0.00 0.65 0.22 0.47 0.31 2 10 7 8 8 0.0 1.2 0.5 1.3 10.4

2 stage 2 52% 0.00 0.41 0.25 1.14 0.31 33 15 15 349 58 0.0 2.4 0.7 26.2 41.6

3 stage

3ns 60% 0.00 0.46 0.26 0.56 0.34 38 20 20 28 19 0.0 3.2 1.1 3.1 24.6

3we 40% 0.00 0.46 0.35 1.78 0.37 38 20 20 904 140 0.0 3.2 1.1 67.8 88.5

n3 63% 0.00 0.47 0.25 0.54 0.32 38 21 20 28 17 0.0 2.1 1.1 3.0 21.5

s4 39% 0.00 0.47 0.36 1.81 0.36 38 21 20 921 141 0.0 3.4 1.1 69.0 88.1

w3 39% 0.00 0.47 0.36 1.82 0.37 38 21 19 922 143 0.0 3.4 1.1 69.2 89.4

e3 39% 0.00 0.47 0.36 1.82 0.39 38 21 21 922 143 0.0 3.4 1.1 69.2 90.8

4 stage

4nswe 51% 0.00 0.50 0.34 0.64 0.38 43 25 25 33 25 0.0 4.1 1.4 4.4 31.6

n4we 53% 0.00 0.54 0.28 0.63 0.36 43 27 25 33 21 0.0 2.8 1.5 4.3 28.0

s4we 32% 0.00 0.52 0.49 2.88 0.44 43 26 25 1 283 195 0.0 4.2 1.5 96.2 120.6

w4ns 50% 0.00 0.52 0.35 0.67 0.38 43 26 24 33 26 0.0 4.2 1.5 4.7 31.3

e4ns 49% 0.00 0.52 0.35 0.67 0.40 43 26 25 33 26 0.0 4.2 1.5 4.7 32.7

nw4 53% 0.00 0.54 0.29 0.66 0.35 43 27 25 33 22 0.0 2.9 1.6 4.6 27.5

ne4 52% 0.00 0.54 0.29 0.66 0.37 43 27 26 33 22 0.0 2.9 1.6 4.6 29.1

sw4 31% 0.00 0.54 0.50 2.89 0.44 43 27 25 1 287 196 0.0 4.4 1.5 96.5 120.2

se4 31% 0.00 0.54 0.50 2.89 0.45 43 27 26 1 287 196 0.0 4.4 1.5 96.5 121.8

Separate 
(split) stage

n-s-3 49% 0.00 0.56 0.33 0.57 0.42 43 34 28 33 29 0.0 4.5 2.0 3.8 37.4

w-e-3 34% 0.00 0.53 0.39 1.89 0.43 43 32 27 965 154 0.0 4.3 1.5 72.4 101.7

n-s-4we 44% 0.00 0.61 0.36 0.62 0.45 48 40 33 38 34 0.0 5.4 2.4 4.6 44.2

w-e-4ns 43% 0.00 0.58 0.38 0.75 0.44 48 37 32 38 33 0.0 5.2 1.9 5.9 41.7

n-s-w-e-4 37% 0.00 0.73 0.44 0.78 0.55 48 45 36 42 40 0.0 6.4 2.7 6.2 52.2

Optimums 86% 0.41 0.22 0.47 0.29 10 6 8 8 1.2 0.3 0.4 10.4

Colour code Near best Best Within 10% of optimum LOS A-B C-D E F

aPPendiX a
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introduction
The multifarious use, and even occasional 
abuse, of research methods and/or indicators 
are common features within the natural 
development of science and scientific pro
gress. These multifarious uses often persist 
due to a resistance to integrative and colla
borative learning approaches that emanate 
from the structure of the various formal and 
informal institutions involved in knowledge
generating systems (Angelstam et al 2013). 
The gradual entrenchment of indicator 
adaptations has been cited as the cause for 
the increase in statistical errors in medical 
research (Glantz 1980), the development of 
expensive and ineffective educational prac
tices (Alferink & FarmerDougan 2010), pri
vate sector underinvestment (Drury & Tayles 
1997), and the increase in the incidence of 
physical injury caused to patients by medical 
practitioners (Brisson & Brisson 2010). To 
tunnel through this pervasive resistance 
requires occasional reflection or, to borrow 
jargon from systems thinking, feedback to 
recalibrate. The question is, how do we con
duct such mental feedback?

One proposed way is a systematic look 
at the Values (or norms), system Rules (or 
policies), and prevailing Knowledge at various 
stages (i.e. over time) and how that shaped 
the application, and thus change in and the 
use of any particular research methods and/
or indicators. This model, herein called the 

VRK-framework, is based on the work of 
Goddard et al (2016), and has been developed 
for the analysis of contested, complex and 
cross-scale “problems”. It is a very useful 
framework in the interpretation of the causes 
of the multifarious use of research methods 
and indicators, as emerging from the interac-
tion between a universal value for the use 
of a particular method, and the evidence 
and practice-based knowledge inequalities 
between user groups or individuals.

Here we apply the VRK-framework to 
develop a deeper understanding of why, and 
how, South Africa’s Unit Reference Value 
(URV) has been used in the recent past, 
and more specifically, how and why it has 
undergone various indicator adaptations. 
The URV is a cost-effectiveness measure 
developed for use in the pre-planning stages 
of water resource management and develop-
ment projects. It assists decision-makers 
in allocating scarce resources in the most 
effective way by comparing, in a consistent 
manner, various water development schemes. 
Over time, however, the URV has been 
applied in various settings by an increas-
ingly diversified user base. This resulted in a 
cumulative series of adaptations to the URV 
from a diverse knowledge base following the 
continuous application of it within varied new 
organisational and environmental contexts. 
While it could be argued that it would appear 
that the multifarious use of the URV has 

the cost-effectiveness of 
water augmentation and 
management: assessing 
the unit reference value
R Bester, J N Blignaut, P H van Niekerk

As societies develop, the problem of securing and mobilising adequate water resources 
to support and sustain economic and social activities increases in complexity. As a cost-
effectiveness measure the use of the Unit Reference Value (URV) has become standard practice 
in South African water resource management and development. It is informative and easy to 
understand. These two attributes inspire confidence and an ever-greater uptake of its use in 
evaluating suggested courses of action to be taken by society in ensuring their future. Deviations 
in how an URV is calculated emerge due to both the diversification of its user base and the 
dynamic nature of the contexts in which it is applied. Such developments add to the pluralistic 
framings within which research and decision-makers operate. We provide three sub-types of 
URV application, and caution against comparing URVs across categories. To mitigate possible 
confusion, we propose the development of standards/rules for the interpretation of URVs. 
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supported useful policy interventions and 
necessary shifts in the narrative around the 
management of water resources, there is a risk 
that it might well be correlated with increased 
ineffectiveness in water management. This 
is due to the fact that the adaptations of the 
URV have remained largely unchallenged. 
This paper is an attempt to rectify this situa-
tion by conducting a critical review, based on 
the VRK-framework, of the use of the URV 
indicator in South Africa.

We commence with a discussion on the 
natural progression of the context within 
which the URV was developed, and which has 
also given rise to its multifarious use based 
on the VRK-framework. Thereafter we take a 
critical look at the various ways the URV has 
been calculated, and the implications thereof. 
This is followed by recommendations with 
respect to the future development thereof.

conteXtual Progression 
and the growth in 
urv thinKing

introduction
The URV was developed in the 1980s by the 
then Department of Water Affairs. It was 
developed as a cost-effectiveness measure 
that computes the unitary cost of supply-
ing a cubic metre of water at the required 
assurance of supply, over the portion of the 
water management or augmentation project’s 
lifespan during which it produces economic 
benefits for society. In its most basic form the 
URV is calculated as the discounted present 
value of the total (capital and operational) 
lifecycle cost of a water augmentation or man-
agement scheme divided by the discounted 
incremental water availability assured by the 
expansion of the system and bounded by the 
projected demand curve until full capacity 
is reached (Van Niekerk & Du Plessis 2013a). 
Discounting a natural resource stock such 
as water is a contested issue (Costanza et al 
1989). However, the URV has adopted this 
approach in order to be able to compare, in a 
consistent manner, the URV ratios of different 
water development schemes, operating with 
different time horizons, which have different 
starting dates, thus avoiding an artificial 
lowering of the cost of water development by 
various schemes.

The URV, because of its simplicity 
in calculation and the ensuing intuitive 
understanding of the message it is carrying, 
has become a very powerful indicator with 
respect to water resource management and 
development. Over time it has become not 

only standard practice to calculate the URV 
for all water-related projects, but also manda-
tory within the context of any fiscal and 
budgetary process to motivate for financial 
or other resources. This natural progression 
with respect to the use and popularity of the 
URV coincided with a radical change within 
the political-social-economic and ecological 
context within which it has operated. We 
analyse this change at the hand of the afore-
mentioned VRK-framework.

cross-temporal analysis of the context 
of water resource management
Goddard et al (2016) proposed a values, 
rules and knowledge (VRK) framework with 
which to understand how a societal system 
of decision processes affects the manner in 
which a particular problem is addressed. We 
apply this framework to the South African 
decision-making context for water resource 
management, comparing a model of its state 
in the 1980s when the URV was developed 
(Figure 1) to a model of its current state 
(Figure 2).

In the 1980s water resource management 
was governed by Water Act No 54 of 1956. 
This Act required government to con-
solidate existing water legislation, and thus 
restructured the Department of Irrigation 
to form the Department of Water Affairs 
(DWA). The DWA had to ensure that there 

was sufficient water supply to support South 
Africa’s growing social, economic and indus-
trial development initiatives (Tempelhoff 
2017). In addition to this drive towards the 
heavy capitalisation of the country, it took 
place within the context of a very unstable 
internal and external political economy. 
Thus, there was a need to manage water 
resources more effectively and to secure 
internal water security through water supply 
management (WSM) (Lowenberg 1997). This 
led to a very dominant supply-side policy 
focus and water research. This produced 
engineering and technically based solutions 
(Siebrits et al 2014). With the DWA chiefly 
the technocratic territory of engineers, plans 
for the expansion of water supply to cities and 
areas of industrial development were focused 
on increasingly complex and costly transfer 
schemes (Turton & Meissner 2002). The 
URV was developed to assist in selecting the 
most cost-effective option first. This context 
is vastly different from that prevailing since 
the 1994 democratic elections and the rapid 
development of a natural resource manage-
ment agenda – elements that have shaped the 
world of the current decade.

The prevailing context in the current 
decade is illustrated in Figure 2. Supply-side 
interventions were becoming costlier to 
implement just as the government, having 
been limited in their access to credit in 

Figure 1 The decision context of the 1980s
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Notes:
 Q The Values were determined by Water Supply 

Management (WSM) within the context of 
the white nationalist apartheid state seeking 
economic growth to enforce its ideology on 
the people and to entrench its power. 

 Q The Rules were determined by the 1956 
Water Act within the context of increasing 

fiscal illiquidity due to sanctions and the 
need to take decisions in the most cost-
effective manner.

 Q The Knowledge component was strongly 
influenced by the search for engineering 
and technical accuracy and precision. 
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response to their policies, was growing more 
reliant on the expansion of the water supply 
to support the needed growth of economic 
activity. In such an environment, the applica-
tion of cost-effectiveness analysis to eliminate 
the costlier supply interventions early in the 
planning process was developed.

In post-apartheid South Africa, the policy 
of government is not one of expanding the 
water supply to support economic develop-
ment, but rather of extending water services 
to the areas that were beyond the jurisdiction 
of the DWA under apartheid (Schreiner 2013). 
Integrative Water Resource Management 
(IWRM) had replaced WSM as the dominant 
paradigm, but the successful implementation 
of its policies and interventions has been 
questioned, and even failed (Ashton 2000; 
Denby et al 2016). The most widely held belief 
for its failure is that the persistent levels of 
poverty and high-income inequalities, which 
were carried over from the 1980s, limit the 
successful implementation of IWRM (Movik 
et al 2016). Water research is increasingly 
dominated by ecologists and economists as 
focus has shifted away from engineering and 
technical solutions towards concepts such 
as sustainability, governance, adaptation and 
management (Siebrits et al 2014). The URV 
is thus adapted and used as a science com-
munication tool (Blignaut et al 2010; Mander 
et al 2017). A decision to fund the Working 

for Water (WfW) programme, which was 
made in 1995, had a positive impact on both 
the livelihoods of local communities and the 
availability of water, and has additionally pro-
moted advances in biological control, raised 
conservation awareness, enacted legislation 
and promoted research (Binns et al 2001; Van 
Wilgen & Wannenburgh 2016). The expan-
sion of water delivery services is frustrated 
by a growing protest culture (Tapela 2012) 
and the Department of Water and Sanitation 
(DWS) is evaluated as being in a state of 
dysfunction, lacking technical personnel, 
institutional capacity and funding to perform 
maintenance on water infrastructure (Ruiters 
& Matji 2015).

comparing two epochs
The difference in social-political-ecological 
and institutional context between the 
1980s and the current decade can hardly be 
greater. The 1980s were characterised by 
technocratic, success-seeking precision with a 
well-functioning and engineer-driven govern-
ment department focused on water supply 
management to uphold a specific ideology of 
exclusivity and privilege. The current decade, 
however, is characterised by an inclusive, 
pluralistic and eco-anthropological ideology 
focused on integrated water resource man-
agement within the context of a hollow, and 
often failed, state (Morokong et al 2017).

It is in this latter context that multi-
ple URVs emerged to assist and inform 
decision-makers.

advances with resPect 
to calculating the urv

introduction
The URV is, essentially, a knowledge- 
generating tool. However, due to the 
contextual changes as described above, it 
became widely distributed for use across a 
broad number of organisational, sectoral 
and disciplinary boundaries. This made new 
applications possible that were not considered 
at first, or even deemed possible. Originally, 
in the 1980s, calculating a URV required one 
to take into consideration discounted lifecycle 
costs, projected water demand, the yield of 
the existing system including water transfers, 
and the incremental yield provided by the 
project being evaluated. The boundary of the 
problem is extended by the comprehensive 
URV to include an analysis of how each 
system’s water demand and supply vectors 
vary over time and with respect to each other 
in the case of evaluating transfer schemes 
between two systems. In recent years, due 
to the multifarious use of the URV, the 
definition boundary has changed to exclude 
some core components of the original URV 
calculation, while expanding to include new 
components. A process, referred to above as 
indicator adaptation, occurred.

the urv’s many faces
All the applications of the URV use the same 
definition with respect to costs, namely the 
numerator (i.e. the total capital or establish-
ment costs plus the ongoing management and 
operation cost over time, discounted over the 
anticipated lifespan of the project). There are, 
however, at least three different interpreta-
tions with respect to the calculation of the 
denominator. We elaborate on these three 
below, labelling them URV1, URV2 and URV3 
(as illustrated in Figure 3).
1. URV1 (the original version, see Figure 3: 

Panel A): The denominator is the addi-
tional water yield of a water development 
scheme bounded by a water requirement 
curve (Van Wilgen et al 1997; Larson et 
al 2001; Hosking & Du Preez 2002; Van 
Niekerk & Du Plessis 2013a, 2013b; DWS 
2014; Blersch & Du Plessis 2017).

2. URV2 (URV1, but adapted for water 
demand management, see Figure 3: 
Panel B): The denominator is the addi-
tional structural water yield surplus, or 

Figure 2 The decision context of the 2010s
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Notes:
 Q The Values are determined by Integrated 

Water Resources Management (IWRM) 
principles that seek to protect culture, 
promote redistribution with equity and 
underlying value.

 Q The Rules are determined by the 1996 
National Water Act, the Bill of Rights and 
the Constitution, as well as the Employment 

Equity Act within a context where social 
norms are challenged in public by protest 
action and the need to redistribute the 
hydro-political privileges.

 Q The Knowledge component has broadened 
to include catchment management, 
ecology, restoration, and the protection of 
the environmental reserve.

Information age
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simply the “water saved” in response to 
demand-side management interventions 
(Joubert et al 2003; De Lange 2006; 
Hoffman & Du Plessis 2008; Mckenzie & 
Wegelin 2009; DWA 2011).

3. URV3 (URV1, but adapted to accom-
modate environmental management 
such as rehabilitation and the clearing of 
invasive alien plants, see Figure 3: Panel 
C): The denominator is the ability to 
increase either water yield or base flow 
in a system, irrespective of direct human 
consumption of that additional water for 
water services (Marais & Wannenburgh 
2008; Blignaut et al 2010; Preston 2015; 
Vundla et al 2016; Mander et al 2017; 
Morokong et al 2017; Nkambule et al 
2017). It is used particularly where, due 
to uncertainty regarding the extent to 
which increased base flows will enhance 
the capacity of water infrastructure to 
meet societal demands, or indeed in the 
absence of such infrastructure for a river 
system all together, it has become the 
practice to forgo the consideration of a 
water requirement.

In literature, all three these methods, irre-
spective of the way in which the denominator 
is being defined and calculated, are called 
URV. This has the potential to lead to 
misguided outcomes and erroneous, and 
even inefficient, water resource management 
advice. The impacts of these three different 
ways of calculating the URV will be discussed 
at the hand of Figure 3, within the context of 
hypothetical examples.

Example URV1:
 Q Context: In Figure 3: Panel A, water 

demand increases over time and the water 
requirement of the system exceeds the 
water yield it can provide at time tx. A 
water project that becomes operational at 
time tx, and provides additional water yield 
(shifts out yield curve 1) of size A-B for 
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Notes:
 Q Panel A: URV1 describes the case where the 

additional yield provided by a water project 
is calculated as the hatched area, bounded 
by the water requirement curve, which is 
effectively a reduction of future shortage.

 Q Panel B: URV2, which applies to water 
demand interventions; the quantity in the 
denominator (additional yield provided by 
the intervention) is taken as an increase in 
water surplus generated in the system.

 Q Panel C: URV3, the area taken as the additional 
yield is not bounded by the water requirement 
curve and includes both an increase in yield 
surplus and a decrease in shortage.
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the rest of the economic life of the system 
until time tn.

 Q Denominator: The URV used to evaluate 
the water project is concerned with the 
cost-effectiveness of the water project 
in enabling the system to meet its water 
requirements, and it discounts the hatched 
area (the area demarcated by EBCD) that 
is bounded by the system’s projected water 
requirement curve.

Example URV2:
 Q Context: In Figure 3: Panel B, the water 

requirement of the system exceeds the 
water yield it can provide at time tx1. Some 
water demand management measure-
ments are implemented at time t1, lower-
ing the projected water requirement curve 
(shifting it down) and ensuring the system 
can meet its increasing demand for water 
until time tx2. The system gains water 
surpluses (unused capacity) and delays the 
onset of future shortages.

 Q Denominator: The URV used to evaluate 
the water project discounts the hatched 
area (the area demarcated by FGH).

Example URV3:
 Q Context: In Figure 3: Panel C, the water 

requirement of the system exceeds the 
water yield it can provide at time tx1, due 
to the spread of invasive alien plants (IAPs) 
which reduce runoff. In anticipation of 
future shortfall in the system’s capacity to 
provide sufficient water, clearing of IAPs 
commences at time t1 and continues for 
the economic life of the system until tn. 
Like other supply-side interventions, the 
yield curve is shifted upwards improving 
the system’s ability to meet its increasing 
demand for water (by tx2–tx1 years).

 Q Denominator: In this case, the URV used 
to evaluate the water project discounts the 
hatched area (the area demarcated by KIJ). 
Here the total additional yield provided 
by the intervention is taken as measure 
of effectiveness, irrespective of whether 
or not this additional yield will be used 
in the system. This is in contrast to the 
example given in Panel A in which only 
the additional water bounded by the water 
requirement curve is used to evaluate the 
cost-effectiveness of the intervention.

discussion
The process of calculating a URV is a 
platform which supports the development 
of synergies to create new knowledge on a 
project by project basis (Siedlok & Hibbert 

2014). Above the line sits Economics/Finance, 
below the line sits Hydrology, Engineering 
and Ecology – and the URV analysis requires 
the inclusion of components from each. 
The emergence of a multifarious use of 
the URV, as seen in the previous section, 
can be explained by applying Argote and 
Miron-Spektor’s framework (Argote & Miron-
Spektor 2011) for organisational learning. 
In each instance the URV tool was shaped 
through use to accomplish the objectives of 
the new user for the purpose of the adopting 
organisation. For example, the URV was 
adapted for use in evaluating IAPs and moti-
vating for their removal. The diffusion of the 
URV tool across multiple organisations pre-
disposed users to have and acquire divergent 
evidence and practise base knowledge endow-
ment. This made the emergence of several 
distinct URV deviations a sure thing, as the 
concepts of cost-effectiveness or accompany-
ing graphing techniques were lost during the 
translation of the tool between organisations, 
or were discarded over time.

By viewing the URV through the VRK and 
organisational learning frameworks, we con-
clude that, since its emergence in the 1980s, 
the use of the URV has succeeded to influ-
ence value systems and operating protocols 
at a societal level. Politicians and researchers 
are aware of, and wish to entrench, its 
usefulness as a science-management com-
munication tool, hence the repeated use of 
the URV. The URV is also a point in analysis 
around which synergies occur, encouraging 
those who engage with it to be exposed to a 
more holistic view of a particular subsystem. 
Owing to changes in the decision context of 
South African water management, an influx 
of researchers from a broadening set of aca-
demic disciplines expanded the experiential 
and practical knowledge stock embedded 
within the original definition and use of the 
URV. Unfortunately, it is also potentially 
misleading, as it is, essentially, not the same 
indicator given the different definitions used 
for the denominator.

Given the externality benefits produced by 
the URV, any aim to address the multifarious 
use of it must not inhibit any freedom in the 
ease with which it can facilitate communica-
tion between scientists and managers, or 
allow for innovation that comes from mov-
ing the problem boundary. Context is thus 
important and valuable, and additional rules 
imposed on its calculation must serve the plu-
ralistic operational context. The co-habitation 
of the three URV formulae used, however, 
provides sufficient space for such a pluralistic 
environment.

conclusion
The Unit Reference Value (URV) has been 
used in South Africa for more than 30 
years, initially by water engineers, and later 
hydrologists, economists and ecologists alike 
within a drastically changed social-political-
ecological and institutional context. As a cost-
effectiveness measure it is highly informative 
and intuitively easy to understand – both 
aspects that generate further support for its 
use. Over time however, the multifarious 
use thereof has led to various ways in which 
researchers calculated its denominator, to 
the extent that, effectively, the results across 
the different types of URV measures cannot 
be compared without some discussion and 
distinction. This does not imply that the new 
developments have been wrong. Rather, they 
have added to the pluralistic context within 
which research and decision-makers operate, 
and is a good reflection of the current and 
emerging debates.

To mitigate against possible confusion and 
to avoid the misinterpretation of the results, 
we recommend the following:

 Q The introduction of naming conventions 
for different URV subtypes, namely URV1, 
URV2 and URV3, as per the above catego-
ries thereof. This would force URV users 
to make type-for-type comparisons and 
reach conclusions that can be supported 
from the theory, and which would make 
type-for-type comparisons possible. This 
will interact with the values and knowl-
edge components to self-regulate further 
expansion.

 Q The redefining of the appropriate measure 
for all the URVs as “the unit cost to reduce 
future water shortage, or to enhance water 
security, using measure 1, 2, or 3” – that 
will be applicable in most interventions.

 Q That URV users provide, not only a 
formula or description of the URV calcula-
tion according to the type they are report-
ing on, but also a diagram illustrating 
what the effectiveness measure is that they 
are calculating. This would imply that 
users will engage with many of the prin-
ciples underlying the URV and potentially 
be a point of learning between individuals 
that could reduce knowledge inequalities.

Within a world of increasing complexity, 
scarcity and dynamic change, the develop-
ment of simple and effective indicators to 
assist in decision-making is of high value. 
The URV is one such an indicator. Here we 
propose three changes in the conventional 
use of the URV metric that should facili-
tate dialogue within the water resource 
management space, while improving the 
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nuances with respect to its use within vari-
ous different contexts.
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